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Introduction 



Decomposable sets iwfc introduced by T. R. RockaMlat [205] in 
19G8 and since then they hnve become one of be^ objects in nonlinear 
analysis, especially in multivalued mappings theory. A subset K of 
measurable functions is called decomposable iff 



iQ) X^«+(l-)cJv€ A* 

for aU u, V € K measurable A. The property (Q) looks like the 
convexity condition and it turned out to be a substitute of convesty in 
many problems connected with optimal control, differential inclusions 
and dosed areas. VpIuIc the toost of ocistcnec problems for eonvex 
case can be deduced from the Schauder Fixed Point Theorem, Banach 
Fixed Point Theorem, Kakutani Fixed Point Theorem and others, so 
the lack of convexity assumptions certmnly required a developing of an 
adequate fixed point techniques and have engaged many matbematU 
i^ant ^ over the world (some will be mention in the literature, 

but the list is far from bdng complete). It turned out that many pre- 
viously obttined results have analogues in "decomposable analysis". 
Our book is an attempt of showing the present stage of thig topic. We 
arc especially directed towards the theory of fixed pdnts for decom- 
posable sets since they lead to the most of important applications in 
the nonlinear analytis. 

This survey is addressed to mathematicians and students norking 
out in topolo^, geometry optimal conOol, differential inclusions and 
functional analysis. It will require a good background from the func- 
tional analysis and topology. The material contained is split into three 
parts. The first one is devoted to a background from functional analy- 
sis, the second to the theory of multifunctions and the third to the 
decomposability property. Most of the presented bets connected with 
fixed points and their applications is closer or further consequence of 
the Michael Selection Theorem ([157]) and it's "decomposable* version 
- theorem due to Bressan-Colombo and F^ysakowski ([55] and [72]). 
Both selection results are clipped the Lapunov Convexity Theorem 




s 
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([140]) (oQ tbc range of a vector measure) and it's gcnerali&atiocis, in- 
eluding tbc Aucoann integrals. To ^ve an appriopnate language and 
proper tools no start, in chapter 1, with a brief recollection of tbc con- 
vex sets theory, as weU in arbitrary Banach spaces as in euclidean ones. 
We invoke tbc Carath6odory Theorem and give it's gencralmtion due 
to OJw± [171], 

In tbc second chapter we deal with vector measures introducing 
the notion of essential extremum of an arbitrary family of nonnegative 
measures and describing the segtoents and s-segments for nonatomie 
measures. Tbc segments allow us to construct in arbitrary measure 
spaca (T, S, ^), via tbc liapunov-like results, a structure as in 

tbc interval [0, 1) , This, in turn, leads to a continuous partition of T on 
the parts proportional (or almost proportional) to a prescribed partion 
of the unity The contmuous partition techniques we use m tbc chapter 
Dl deducing a decomposable version of continuous sclecticn theorem 
for lower semicontinuous multifunctions. The eenvese ease - Miebad 
Siclection Theorem - is discussed m the ch^>tcs IV. 

We have to pay the reader's attention that continuous selections 
arc somewhat tied with lower scmicontinuity of multivalued mappings 
coAMiix OT dccomposable values. In other regularity types 
continuous selections may to masts. But sometimes they can be re- 
placed by measurable selections. Questions connected with this kind of 
problems TO have discussed m tbc chapter V, In particular there is pre- 
sented the Kuratowski L RyU-Nardsewsld Selection Theorem ([139]) 
and it's complement - the Castmng representation of measurable mul- 
tifunctions (|42)). In the chapter VI and XII we previously 

obtained results to the CarathCcdory type map|»ngs, i.e. mappings of 
tm variables, measurable m the first one and semicontinuous (lower 
or upper) m the second. A reason of the eonsldermg such objects 
from the diflcrcntial where tbc right-hand side are, 

in general, multivalued mappings of two or more variables. Tbc dif- 
ferential iwHiuii-int wo discuss in the chapter XIV, Fkom the point of 
view of tbc fixed point theory the mest grateful tasks are related with 
Lipschits diflerential inclusions and multivalued contractions. We ex- 
plain m detmls the continuous version of the Filippov and the 

Filippov- Wasewski Rdaxation Theorem for diAiremial inclusions de- 
pending on a parameter. Provided considerations lead to tbc eaastenee 
of continuous (with respect to the parameter) selections not only tor 
the solutions sets to difierential inclusions but for s multifunction 
desentong (for a given parameter) all possible derivatives. CompJe- 
mentanly, each set of derivatives is, in tbc ease of Lipschits differential 
an absolute retract. Saying more precisely, the set of fixed 
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points of a multivalued cocittactioci k a retract of tbc space of into- 
grablc funciiofis. This is a statcmcct of the theorems due to fticceri 
[203( - la convex-valued ease and Brcssac> Cclli&a and Ftysakotvski [36] 
• the decompceablcv valued onca. We are obliged to emphasise tbat ob- 
taining both results required a laborious de^bpiog of tbc theory of 
multivalued mappings and tbc fixed point theory. 

Tbc topic of tbc last chapter XV is related vitb decomposable map- 
pings and integral functional given by such kernels. There arc given 
accessary an sufficient conditions tor the lower semicontinuity of such 
functional in certain spaces of integrablc functions. In thi« p&rt of ma- 
terial we do not apply fixed point technics. But it rci^uires a strong 
understanding of the nature of decomposable sets. A eonsideration of 
»hi< class of mappings can lead to an unified theory of the continuity 
of the integral functionals. 

During the preparation of work 1 have been helped significant^ 
by a number of friends and colleagues. Special gratitude we owe to dr 
Graegors Battuscl who has carefully read the manuscript contributing 
his advice and criticism. I would like also to thank Mrs Mariks Vlot 
from the Kluwer Academic Publishers for her patience during the whole 
preparation period. 

Warsaw, 2004 

Andracj FVysskowski 




Part 1 

FUNCTIONAL ANALYSIS 
BACKGROUND 




CHAPTER 1 



Preliminaries 

The wiam ob)ccU exajznned in thii coonogtaph arc multivalued 
mappings (muitifaatKms) and their fixed points. Let T and X be 0ven 
seta. By a multivalued mappin g , or, in other words, a multifunction we 
mean a mapping P : T N (X) , where N (X) stands for a family of 
all subsets of X. Of course any single-valued function p : T X can 
be identified with tbc multivalued mapping P (t) s {p(f)). Multifunc- 
tioDS are denoted by capital letters P, A, P, C, L, ... . These objects 
appear in a natural wy in many dificrent situations. Below we giw 2 
some examples of tbem: 

Exauple 1. P (f ) s {y ; w (x. y) s 0), inttenut{x,i/) ii a polyno- 
mtof of tuio iMnabUa; 

Example 2. P (t) » /{t, Y). uAere f.TxY — Xheo given 
fwetion; 

Example 3. G (t) » j (f, ») < 0} for given j : T x X — A; 

Example 4. Log (z) s {u : exp w s z} defined on C\ {0} . 

By the Axiom of Cboisc for every multivalued map|»ng P : T 
N (X) one can pick up a function p : T X, such that p(t) € P (t) 
for all t € T. Such a function is usually called a selection of P. If 
additionally p is measurable, continuous or Lipschits we say p is 
measurable, continuous or Lipachits selection. 

A point So € X is said to be a fixed point of a multivalued mapping 
P:X —N{X) if 

So € P(sc). 

This notion is a generalisation of fixed points for single-valued funo- 
tioDS p : X X. Among many problems concerning fixed points we 
shall discuss the existence and their properties. In the examination of 
multifunctions and their fixed points a crucial role pl^ properly chosen 
selections. Namely, ai^ fixed point of a seketion p is a fixed peont of 
P These arc many existence results of fixed points concerning miilti- 
functions and most of them arc analogues of angle-valued ease. Some 
of them require eonMxdty assumptions on the values of miiltifuneiions, 

s 
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d Kakutam [126], Ky Fkn (cf, |8|, [9], [116]), tbc Bacacb con- 
traction prmaplc (|62))> fticceri [203] > some do not - Bnssac-CcUifia- 
FVysakowski [36j. Our work doea not pretend to give all of than and we 
arc cooatly uncreated in thoac which have direct roots with functional 
analyaa. We have to aay that topologkal and algebra approach is 
not even touched, however it is an imp^w-anr branch of the fixed point 
theory. 

Dcacribcd in the present book theory of fixal points has many ^ 
plications in widely understood analysis, cspccialJy in <Mcrential in- 
clusions. By a diAcrcniial inclusion in a functional space X we mean a 
relation 

(1.1) Dx^F{s), 

where O is a operator. A straightforward application of 

fixed pcont theory to problem ( 1 . 1 ) comes from an easily varified fact: 
Asumc that the operator D admits a ri gh t inverse A. Then x s Hg 
isasoJutionof (1,1) iSsisa fixed point of the mapping K (s) = F{Ri), 
in, a € A (s) , 

As an example of diAnential inclusions the reader may think of the 
relation j'(f) 6 F(t,x (f)), wheref € / » (0, 1] , F : i x A* — . JV (A<) 
and X : / iP is an absolutely continuous function. In this case 
D s ^ and denoting s s 2 ^ we have 

f 

i:(0»A(s){«)»C + 

In this ease 

( 1 . 2 ) 

/C (s) s {u ; / — • iT| u is tnte^rehie and u (t) € F (t> R (s) {()) o.e,} . 

If the values of F are convex then fC is eonvcst-valued as neU and to 
existence results for such ( 1 . 1 ) we just need fixed points for a convex- 
valued multifunction. But the eonvesdty assumption for the sets F (t> 2 } 
IS in many situations artificial, especially in nonlinear control theory or 
in dificrential incluaons. A glance on (1.2) shows that it posscscs the 
following property: 

for tvery u,v ^ K (s) end any Tneesureile Ac/ the function 

(Q) x^«+(i-x,)v€a:{s). 



a{r)dT. 



This condition is called dccomposability and occurs to be a proper tool 
in examination of arbitrary multifunctions. 




BASIC NOTATIONS AND SYMBOLS 



S 



1 . Bftslc ootoCiood symbols 

Let A! be a topoJogkal space, Fbr a giw^D A Q X by dA and 
IrUA wo meap> m^pcctively, iU closure aod Intatior. In X wc shall 
tbc follo wing families: 

N (X) nonempty subieti; 
d {X} — closed nonempty avbseis; 
c ) — compact nonempty sxibaeta. 

Let (X, d) be a coctriaablc space with metric d. An open ball cen- 
tered at X € A1 and radius r wc shall denote B (x, r), while the 
symbol 5 (x, r) stands for the closed one. In wc also 

the families: 

b (X) - bounded nonempty aubaeU; 

d (X) - doted nonempty subaett; 

6d(X) - bounded doaed nonempty aubaeta. 

The distance between a set .A c X and a pc^ x € .V we fthall denote 

by 

(1.3) d(x,/4)»uif{<<(2>o):o€/4} 

Let us recall that 

d[x,A)^d{x,dA) 

and the mapfung x d (x> A) is continuous. Moreover, if A € (A) 

then it is Lipschita with constant 1. 

Let AyB ^ be given. By the Hausdorff distance between A 
and fi It is usually meant 

d„{A, B) » max {<*) {A, B) MB. A )) , 

where s supd(a,B), 

oeA 

PnoPOSlTlON 1. (6{A!),d*^) ts a metnc apace and (c(A!),ds) ta 
oompUte. 

Having a coctric space (X, d) wc can al'ao eonsidor tbc spaceC (5, A!) 
of continuous functions / defined on a HausdocS topological space S 
with values in X. This space is metrixablc ty 

{lA) d (/, s) = sup aretan d (/ (a) , g (a)} 

•aa 

and within d it is complete whenever such is X. 

Now let X be a Banach space with norm |'| conjugate X‘. 
Unit halla in X X‘ WC shall denote, respective^, by B and B*. 
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Fot ar“ € ttc dual pair is {x’,x) = x*{x). Recall that is a 
Rftnarh space vith the aorta 

|**|»sup{(*“,j):J€B>. 

By the Banach- Alaoglu Theorem the unit ball B" endowded vith xtxak' - 
Uypoio^y is a compact set. Moreover, if A! is separable then B‘ is 
mettiaable hy metric 

where {Zn)Mi ^ douse sul:«ct in B. 

In thi« case C {3, A!) is a locally convex mctrisablc space. Addition- 
ally the set C{5, X) C C (S, X) of continuous au bounded functions / 
is a Banach space with norm 

(1.5) ||/|L»suf|/(s)| 

and the norm topology is equivalent to the metric one. We have to 
recall that for HausdorS compact topological space 5 we do not need 
to assiunc the boundedness of any continuous function / : 3 X, 
since thifl property ve have "for free”. As an example we have the 

space C (i,X) , where / s [0, Ij. 



2. Convex sots 

Let X be a vector space. A set A € (X) is said to be convex iff 

for every a, 6 € A and A € (0, 1] we have 

Ao+ (1 -A)i€ A. 

For given A c X the symbols coA and dcoA stand for, respectively, 
convex bull and closed convex hull of A. For any a, 6 € X the set 
CO {e, 6) we denote by [o, 6] and call it the segment jcuiing a and (i. Wb 
'ahftll also consider the following families: 

co(X} .> <iontjes nonempty 9ubaeU; 

cico{X) > convex nonempty 9ubaeU; 

cb (X) .> bounded dosed cotwex nonempty subsets; 

cc(X) - oompoct aonvex nonempty rti&«ets. 

A special class fltnnng convex sets represent eonvox cones. A set 
X € iV (X) is called a cone iff for every c € x and any A > 0 tbc point 
Ac € X. If additionally x is convex then we s^ that it is a convex cone. 
We shall only consider cones C poscssing the following properties: 



( 1 . 6 ) 



XLl{-x)ai?', xn(-x) s {0), 
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Such cone x induces the order by s^ing 

a<6 iff X, 

A 

The redder co^ have already ooticed that for giw:ti cooc x aj^ two 
eletoonta a, 6 € X arc, by (1.6) > comparable. So it la juatihed to intro- 
duce leucographieal exlrema of a set point 6 is called a lexicographieal 
mavimum otW (X) if 

t for each tu $ VK we have u < 6 

and 

tt, if for some c and all w € ^ there is iv < e then 6 < c. 

* % 

Such point 6, if eaasts> is unique and we denote it by max (U^, x). 
Similarly wc define the lexicographical min ^\V, x ) of IV. Ob- 

viously 

mintlV^x) s -max (IV, -X). 

Generally speaking in examination of convex sets or convex bulls 
an useful language provide support functions. Fbr asei N (X) the 
support function c^ • U {co} is dc£ned by 

CA(r*)»sup{(x*,®):®€^). 

Proposition 2. &wrj X € iV (X) . Then: 

1 . Ca ta a oofwex. pontiveiff homegeneotu function and 



£. for bounded A the mopfnng x" ca { 2 *) ta Lipaehxlz xa(h 
eonatani 

M s sup {| 2 | ; 2 € /4} < 00 . 

3 for /4, B € &(X) tte fta« 

(1.T) sup |ca (2“) - Cs {*•)! < du{A, B). 

k*is> 

Proof. The first statement is obvious. Tb sec 2, fix i*,v* € X* 
and e > 0 and take any n,i € A such that 

CA{f}<e + {x\a) and (k*) < e+ 

Then 



Ca( 2*) - CA(Sf-) < s + - (»‘,0) < S + M I|2* - iTW . 

^Similar ly 

<u (/) - CA (2“) < # + {y\ b) - < r + Af ||2“ - y'\\ 

and therefore 



|CA(^*)-CA(ir)|<S+M||2“-V*||. 
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Now paaging to tbc limit With € 0 yiolds the required propc*^. 

For the third sUtcmcDl fix x’ with |x*| < 1 and £ > 0. Take ai^ 
a € /4 aod pick such p<xiil 6 € B that 

< d{OyB)^€ 

Therefore 

{x\ a) - ca {2“) < {f,o) - {x\h) < |a - 6| < d{a, B) + « 
aod thus 

CA (x‘) - cs (k*) < *upd [a,B)’¥t<dti [A, B) + #, 

»€A 

Since the role of A and B is symmetric then we conclude that 
\cA{t*)-ca(x')\<dt,iAB)*t 

and allowing t 0 we get (1.7). G 

For convex sets an important role plays the following: 

Proposition 3. The dosed amvex hull of A^N (X) can be rep- 
resented os foilow: 

dc^A= fl n 

r*6»* •*eS* 

//, oddtticnally, X* ts sepomMe and A ta bounded then for any dense 
subset C S* i« can imte 

(1.8) .4=n(l:{<,l)<<u(i;)). 

Ml 

The above proportion can be extended for closed convex l«il1 in so 
called topolo^ in X. 

DeriNITION 1. A Uneor subspace Z Q X’ ts ealUd total tf oonditxon 
{x’,x) s 0 for oiix’ ^ Z impHes x s Q. 

Any total space Z determines 2’— topology in A! introducing a 
basis of neighbourhoods 

V'(xa, 2 x, » {x : j(a,i-xo)| <e, i» 

of any lo € X, where ri, ...z* € Z. The convergence of a not {x^} 
in ^-topology to xa we denote by Xa xo- It that for each 

2 € 2 we have ( 2 , x^) ^ ( 2 , xa) ■ 

For A^ N (X) denote hy doogA the smallest Z -closed and convex 
set conlmning A. 
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Pkoposition 4 For ony A^N {X) the f<yrrmJa 



holds. 



dcogA » f) {r : {i.x) < Ca ( 2 )} 
»€S 



Proof. Dcnot42 tbc ngbl-haad in the above Ibmiula by A). 
EvKloutly Ao ii COAM 2 X. It is also dcecd. Tb sec thu take arbitrary 
Xa lo C Ai,. Since for every s € 2 sk have ( 2 , **) < 

ca ( 2 ) < ca ( 2 ) , vbat implies that xo € Aj. Therefore 

dcogA c -4fl. 

Tb see tbc oppoate induaon take any 20 € A) let 

V |{2<,^-2rc)| <e, is 1 n) 

be an arbitrary neighbourhood of so. We need to show that VC\A^^. 
For thi« purpose coaaidcr tbc set 



IV S {u; * (tui, .... US,) € i?* : IW S (Zi, s) , J € A) . 

By the PropoaUon 3 

deoW s Pi {iv ; (a/, d) < ch» (d)) . 
dgR" 

But 

c»(d) ssup ; s€ sca 

Hcocc uti = (uio>»'>iVea) with ua = { 2 «, sq} b a member of dcoW. 
Indeed^ for every d = (di>.,.>da) we have 

(lUt. «i) » ^ » l^d,Zi,x^ sch»(0. 












Thus tor t > C there csdsU t ^ A such thst 



|{a,s-so)| <f, isi, ...,n 

and this is nothing else that x C\A. This completes the proof. G 

Each compact and convex sulsct in X (and in any locally convex 
topological space) can be charactcriacd by extreme points. Recall that 
e is said to be an extreme pdnt in A c X iff the representation 

e s Xo + (1 - A) i 

for some o, 6 € A and X € / can hold only for a s & s e. The act of 
cxtrctoc points of A € JV (X) is called a profile of A and we denote it 
by extA. The famous Krcin-Milman Theorem (aee cf. [62]} states that 
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Thbopem 1 (Krem-Milmftc), Any A € <x(X) eon 6e represented 
os 



A = dco{extA) . 



la cudidcaa spacis ^ the situatioa is more exact. Nmncly, 



Thbopem 2 (Canth6odory. see cf. [54]). Let A ^ N (^) . TTien 
eoc^ poinj of coA con 6e represented os a convex combrr^ton of at 
most i + 1 points from A, 



Fot a bounded set ^ C A' the Carat b6o dory Theorem implies that 
co(d^) la compact and thus 

(1.9) co(ol^) B dco/4. 



Indeed. Obviously co (eJA) c eJeoA. From the other band wc have 

A C oo (eJA) = / ^ A,a, ; A* > 0, ^ A, » 1 ond o, € 

and co(d^) is convex. !t is ala~> compact, since it k the imago of the 
compact set 

B |u/ B (Ao,...,A/,oo, > 0, ^A«b 1 and m € cm| 

by the contmuous funciioii 



/ 

/(w) b/(A®, ..„Aj,ao,...,«)B^A4a<. 

MO 

Therefore 

<do)A c CO (eJA) 

what gives (L.9), 

Additionally, wc may prove that for A € 1> (^) the formula 
co{e3rt(dA)) = eJeoA 



bolds. The latter can be mrplain more precisely by so called lexico- 
graphical orders in ft'. By wc mean an order given a conveet 
cone 6 satisfying (1.6). Each such cone ^ can be equivalently char- 
acterised by the Camily S <v>ngg«ing of all orthonormal basis in 
Namely, ^ has the following form 

(r,ai) B.„ B bO 

and 

(r,a.ti )>0 for some iBl i-l 




O B < X : 
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where £ = ^ ^ ortbonormal baas m iP. la such at- 

uation the Icncographical mav>mnm max (IV, wc shall dcootc 
by e (H^>£) • The motiv&tioD Ibr an use of the letter e cocoes from tbc 
following 

Theorem 3. For c (i?) and any (yrthonormol bans £ the 
lexieographiool maftmum e{A,S) u an eatreme point of A. And vice 
ceraa, for any atreme point e ^ A there ts on otihoru>rma{ baeig £ 
»vch that 

e^e{A,£). 

Proof. Assume first that e s e (A, £) for orthonormal basis 
£ = {ai.a^ , -t A/} . If e is oot an extreme point then there are a, 6 € A> 
both diAcrent from e, and A € (0i 1) such that 

esAa+(l-A)6, 

Since o,t> <esAo + (l-A)6 then there east t,ii: €(!>...>/'' 1} such 
that for ; € 

(o,aj) « (Xa + (1 -A)6,a^} and (a,a<.,.,) < (Ao + (1 - A) fr, a^i) 
and for m € ( 1 ,,,., h) 

(6,a«)»(Ao+(l-A)6,a«) and (6,a^») < (Aa + (1 - A)i,a**.). 
Since A € (0,1). then, for j € {1, ...,*) and m € , wc have 

(o,a^>» (6,8j} ond (o,a<,i) < (6,a<,i) 

and 

(6,a«) = (o,a«) and (ft.aati) < 

But this IS impcesiblo for ^ b m s min (i, h) . 

Let now e € A be an extreme point. Confidcr the space E = apanA 
with dimE s k < I and take it's orthogonal complcmcm 

» {* : (x, o) B 0 for every o € . 

If dimE B t then there easts a unit vector ai such that (e, ai) = 
ca (m) . Completing system (ai) to an orthonormal basis in one can 
check that this is a proper choice. If dimE^ sl-k<lsove can 
an orthonormal baas {aj, a^,. | of E^. Moreover A c (^'^) . 
there is a unit vector € (£’*'') ^ such that 

(e,a/-i,ti) Bc^(aj_*+,), 

Now if we eocaplete the system {{ai,a^, to an ortho- 

normal basis £ in wc can conclude that e b e (A. i what completes 
the proof. G 
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1. pmjMiKAAies 



R£UAKIC 1, Actviily the above theorem detenuMies Iftaf for A € 
c (A') £/ie nummwn e (A,S) etasU. In ffenera/ thts may 

not tabe pUnx. 

The loacographical order is very useful tool in convest analysis in 
ff. It can be used for example in separation results. Namely, for two 
disjoint conv^ sets W.U Q fif there is a basis £ € S such for ai^ 
(iv,u) € IV X C/ we have 

tti < u. 
s 

The above remarks allow us describe the convex hull and the profile of 
any iV € c(rf) . 



Theorem 4. LetW^c (/?*) . Then 

coW sdcoW » n a<e{W,£}\. 

ies ^ ^ f 

Moreover, 

{e (IV, £) : £ € S} » ext {coW) . 



Proof. Denote by 




and observe that Wq is eonvest. Hence coW c IV^. To sec that both sets 
coincide assume, to a contrary, that there is p ^ IVoXcoW, Therefore 
sets {p} and coW can be separated by a basis £ € S, Le. 

e(colV,£)<p, 



But this that p f Wq, a contradiction. 

It remmns to show that 



coU^ s deoW, 

Notice that for that tt is sufficient check that tor giwin A^h (^) any 
cxtrctoc pc^ of dooA has to be m dA. Fbr this purpose recall that 
by (1,9) wc have 

i t I 

^ A( 0 » ; > 0, ^ A( » 1 and S dA 

MB) MB) 

Fix now an extreme pc^ e € dcoA. By the above tbrtaula 

e s hm e«, 

b— tt 





2 CONVBX S&T9 



where 






for some > 0, ^ — 1 ond € A. Fbr every i = 0,1,,..,^, 

pMiCLg U> subscqucQcc^) if acqss^> we may us\jtx that 

^ <k € dA and ^ s l. 

imt 

Heoca 

i 

<■0 

But the exitemality of e >yn>at>ft that 

e B oo s a, s ... s € dA, 

what completes the proof. G 

The profile titCM of a gives convex and compact set coay not be 
closed. But cocapkmeatarily to the provided results we have tbc fol- 
lowmg: 

Theorem h. Let W ^ cc(i?) be jitMn, Then each veeter w 
eon be represented as 






wUhti € extW and A« > 0 such that £ A« s 1. 



Proof. Wc shall proceed by the inductioii. 

For I s 1 It is dear W = (o^ij. 

Assume that tbc theorem holds for aU £r < I - 1 and let W €<r(if) 
be given, \S^itbout loss of geccrahly we may rei^uirc that 

e^ B 0 € extW. 

Fix w Since for u; s e^ tbc statemcct is dear then we need to 
cover just tbc ease. 

Ur ^ e^ B 0. 

Consider the set 



Wi^{x^W : BCw'(u')) 
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aod Qoticc tbat W{ ii coavoc uid compact set with H'/ < ^ - 1. 
Moreover tbc vector 

\w\ 

By tbc mduction step there cost e, € txtW{ Q txtW and A« > 0 with 
j-i 

^ A. » 1 such that 



j-i 



Then 



where 



and 



tf/ 






>9 



t-J V I i9 > 

A| V'T 
a = ^A*a, 









CUr(w) 



0, 1 i-1 



I - 1 

cw{h>) 

Now an olserpation that all A« > 0 ends tbc proof. 



3. Measurable functions 

Let T be arbitrary set with a <r — field S of subset of T. rVinontg 
S we call of S — measurahie or, simply measurobley sets. As a model 
the reader may think on: 

(L) the interval / = [0, 1\ and the real line i?, both with a <r- field 
£o of Lebesgue measurable sets given Lebesgue measure / = 
dt. 

(2) a topologieal space T with a <r - field B s B (T) of Borcl 
measurable sets, i.e, tbc o - /ieid generated by open seta in 
T. 

(3) a locally compact Hausdorff space T with a ^ - field L of 
Lebesgue measurable seta ^ven by a nonnegative finite 
Radon measure >i; 

(4) a complete metric space with a ^ • /tdd L of Lebesgue mea- 
surable seta gdven by a locally finite Radon measure >i; 

We can consider product Si 0 Ss of - fields Sj 
and Sg defined on 7i and Ti, respectively. By thu object it is 
uauaJy meant the ttnailwu field generated ty seta AixA^ 

with A € 2(, i » 1,2. 
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A ftmclion / frota T i"tf> & (4>pological space X is said to be mea- 
surable iff Ibr every open set U Q X tbc set 

(1.10) »{<:/{<) €y)€E 

As ac example of mcaautabJc functioDS we deliver, so called, simple 
ftmetions. By this tcfm we a funcUou / : T — X 
djiite number of values each of them oo a measurable set, 

say on Ai € E. In other words 

{ Xi for f € A, • 

/or f€A, i.i 

Evidently ai^ aiinpl^ timpV function is toeasurable. 

For toetrisable topolo0cal spaces {X, d) tbc measurability of a ^ven 
/ T X can be characterised in terms of real functions. Namely 
we have the following 

Proposition 5, A fvncaon f : T — • X is msosumMe tfffirr every 
X the diitanee fvnetxon 

t d(x, / (t)) is measurahfe. 

Aforeotisr, ifXu aeportJile then ts enwgh to ehed the above ayndtticn 
oniy for o dense sabsei m X. 

As a conclusion from the abewe fact we have to »tnp>>ftg<v that 
in arbitrary metric spaces it is enough to check tbc condition ( 110 ) 
just tor open or closed balls. Fbr real functions / : T — it is 
even ampler. Namdy, it sufficies to verify that for each c one of tbc 
se<a {t:/(t)>c}, {t:/(t)>c}, {t:/(f)<c} or {t:/{t)<c} is 
measurable. 

Among real measurable functions an important role play upper and 
lower semicontinuous ones. Namely, we say that / ; T R is: 

Ictver aemteoniinvova {l.a.e. for short) iff for each c 
the set {t : / {t) > e) is open; 

upper aermcontinttoua (u.a.c. for ahort) xff for each c 
theaet {t . f (t) < e) is open. 

E^^uivalcntly / : T ^ R is; 

f.s.c. iff for each c the set {t : / (f) < c) *s closed; 
iLS.e. iff for each c the set {t : / (t) > c) ts eloaed. 

Notice / : T R is La.e. iff the function -/is u.s.c. 

The notion of lower semicontinuity can be characterised with 
the use of epigraphs. By this term we mean a set 

r{/)»epi/»{(t,e):c>/(t}}. 
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Then Ibr / : T R the property of being on ir.c. function ii 
equivalent to dosedneas of the epigraph E (/) . 

If / : 7| X Tj X ia Si ® Ss - measurahie then we a1<f> say that 
It ii jc^ly measurable. 

The full details concerning the measurability properties arc beyond 
the subject of this work and so we refer the reader monographies [55] 
and [190]. However, lor our work to be self-contained we shall recall 
some basic properties and bets. 

Unlass there is not spedflcnlly stated we shall just assume 
tha t r is a complete separable metric space with a a - field 
L of Lebesgue measurable sets given by a locally finite Rndon 
measure n, while (X,d) stands for a separable metric space. 
Si^mg about measurability wc mean L - Tneaauro^iltly. 

For any measure space (5, S) wc might be concerned with the pro- 
jection 

proyr (d) » {1 € T : (t, s) € d /or some * € S’) 
ofasct,AcTxSonT. Similarly we define the projection on S. 

DeriKITION 2. Wt ah<Jl SC|/ that (S, S) possess the projection prop- 
erty witA respect to (T, C, fi) tff for any Aq mx hove 

(l.ll) pfojT (-4) € C. 

As an ■»va>n pi» of such situation wc provide the Bord o - /idd B 
of Borcl measurable subsets of a topological space S. 

TaeOhEM 6. Lets he a i<ypologuMl space o field B of Sorei 
measurable sw&aeto of 3. Then 8 possess the projection property tath 
respect to {TX,p}- 

The results of this type arc of >Ttain importance and were obtmn 
by many authors. The presented formulation is due to M. Saint-Beuve 
(sac also Castfing £s Valadier [4S]), Wc have to s^ that maiQ' results 
concerning joint a £ 0 B— measurability have their cotmterparts tor 
abstract o — fields S if we postulate condition (1.11), 

As a consequence of the Theorem 6 the reader may vai^ the fob 
lowing 

PnoPOsmoN 6. A funetion f : T ^ R is C- measurable tff the 
epigraph E{f) ^ C x 8. 

The space of all measurable functions from T into X wc shall de> 
note by M{T,X), while B » B (T, X) and C » C(T,X) stand tor 
the spaces, respcciivdy, of Borcl measurable functions and continuous 
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fimciiofis. Fbr /, 9 $ M (T, X) we s&y <hot / ajid g arc equal oimost 
everytuhert (a.e.) in T iff 

la such situations wc identify / and g and write / ~ p- Bc^chbed 
idcntiffcalion is an equivalence relation and actually in A/ (T, X) we 
have equivalence classes. 

Introduced above spaces arc metmablc hy the tbmmla (1.4), i.a. 

d (/, 9 ) » sup atcland(/{«) ,9 (t)) 

'€T 

and they arc cocaplcte whenever X is. Moreover, the mHiKwrot 

C(r,x)cB(T,x)cM(r,x) 

hold. 

For aBanach space X all these spaces arc bcally ccmvia and metris- 
abk. If we restrict thetn to bounded functions 

Ci{T,X)<zB^(T,X)cM^{T,X) 
then they arc Banach spaces with norm 
(1.12) ll/IL» 8 up|/(<)| 

1ST 

and the norm topologies are equivalent to the metric ones. 

Let us emphasise that in case of a Ranaf* space X there is no 
need to between weak and strong measurability, both 

noUons coincide. Also with no lest of genetahty we may that 

X is separable. A reason fbr (hat provides a fact any measurable 
function / : T X is separoble—wduedy i.a. then there exists a sep- 
arable Banach space X/ c X such that / (() ^ Xj almcst everywhere 
(^e.) inT. 

Measurable functions are close to continuous functions in the fol- 
lowing sense: 

TaeOhEM 7 (Lusin). A /unction / : T — X u measunble tfffor 
evety e >0 then exUU a compact set T, c T, wUH (T\T«) < s such 
tftat / n*tnetcd to K ta amtinuous. 

The Lusin Theorem has a generalisation for sequence {/n) of mea- 
surable functions. Namely we have 

TaeohEM 8 (Y^orov). Puxetsomf^ ^M{T,X) an oUnoat ewrv- 
uihen? convergent £0 /q € M (T, X) iff for everp e > 0 there exiaU a 
aym/pact aet T, C T, with n{T\Tt) < e, avcH that reatneted to T, 
are unifemjy convergent to /). Afonsotier, we mag aaaume that oH /«, 
n s 0, 1, 2, .. an continuous on K. 
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IB 

3.1. Bochner lategrable Functions. ByI^{T,X}~U{T,X.n) 
wc mean ibc Banach space of Bochnet intc^ablc functions (cquivaJencc 
classes) with the usual norm 







for 1 < p < 00 , 



and 

||«||^»eas8up|u(0|. 

If then use notation Lf {7^ ^ Lf {T, fi) s 1/ (T, i?) , The dosed 

ball in 1/ [TyX) centered at u and with radius r we denote hy 

A suliset K c M (TyX) ii said to be p tntegroblp bounded if 
there is an a € (T, ) such that for every u^K 



|u (t)| < A (1) o.e. in T. 



For p s 1 ne amply say that K is inlegrably bounded. 

Fotp < coeachu € i^(T,A!}canbeoblmncdasthclimitofsimple 
function. This toeans that for every s > 0 there is a sunple function 
ti« € f' (T, X) such that 



(1.13) ||u-ti,||,<s. 

This observation leads to a very deep fact concerning integral operators. 
Tb carplam this phcnococnon let us notice that each u € l^{TyX) 
produces a integral operator L : (T, B) X given by 



(1.14) 




T 



where 9 is the conjugate exponent to p, in, 1 ^ 1 s l. 

Any integral operator L given by (114) is bounded with 




For a simple function u s ^ with measurable At we have 

Ml * 







and hence L ; L^{T) — ipem{j^],,.., £n) . Therefore L is flmtdy 
dimensional and thus compact. 
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For art^trary u € (7*. tbc idcquality (L.L3) shovi that (at 

L,h= 

T 

we h^vc 

111 - 1,11 

The latter mcani that L gives (1«14) ii the lumt of compact opera- 
tors Lt and hence compact as well. So the argiuueats provided justify 
the following 

TyeOBEM 9. For ever? « € 1/{T,X), p < oo, the opesutar L ; 
mT.R)—X given by 

Lh= Jh(l)u(t)Mdt) 

T 

is compost 

Any cocasurablc /4 € we identify with \a ^ ^ in thia 

manner B that \a“Xb^^ ^ endowdcd with 

MAB)^\\Xa-Xb Ilf 

IS toctriaable. But for every p < oo 

» IIXa - Xall, » 

where AAB stands for the synunetne tMcrencc of A and B. Thoefbre 
all these metrics arc equivalent and hence we may identify £ as a subset 
of L‘{r), 

Proposition 7. ITtthin the a6ove identification C q L^{T) ta 
dosed and therefore compute. 

Proof. Tb see the closcdncss of £ let Xa^ 1 » in (T) , By the 
Ricss-Fischer Thcorctn we may mrtract a subsequence, still denoted 
Xa^> such that x^ IS eonvesgent o.e. to u. But each Xa^ assume 
the values from {0, 1) , so the holds for u. Thus there exists A ^ C 
such that u s Xa- ^ 

Remark 2. For any given Lf(T) the set 

U^{uXa-A^C) 

never is compact trj 1/ (T) . Jn partxeuiar, £ c (T) con not be com- 
poet. This con be explain later on. uhen we wtfl hove atready dtscussed 
segments of rumolomtc measures (sa Proposition 7, Corollaries S and 

if 
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3.2. MUd functions. It what follows we assume that (£>di) 
is separable, in such ease we say that the measure t* is separable. Mora- 
over, the separal^ty of implies m our case also the spaces 1/ (T.X) 

are separable for p < oo. 

Denote by X : X y L*{I,X) — C (/, J?) an operator 0vcn 

by 

t 

c 

A function ti : i — X we ahail call inilH or absolutely coutiuuous iff 
there exists an intc^ablc v ^ (i, X) such that u eac be represented 

in the form 

( 

u (t) s ; {« ( 0 ) , ti) » u ( 0 ) + j V (r) dr, t € /. 

The funetion u pl^s a role of the derivative and sometuncs we 
denote it by 

dtt , 

^ “ dt 

But we should be aware that the formula 

u(r)dr^ ^ 

holds only in Banach spaces X with the Radon-Nikodym Ptopcf ^ 
(see of. [55]), tor example in finite dimensional or reflexive X. Fbr 
such spaces the notion of being a function is equivalent 

to the elasacal absolutely conUnuouity, that is: 

For every r > 0 there exists ^ > 0 such for every fimle sequence 
{/i) of disjoint intervals, /» = (ct, t>h) > such ^ (t>), ^ wn 
have 

k 

Mild functions form n spnee with the norm 

1 

IK = l»(0)l + Hull, = l•.(D)l +y l«'(r)|*-. 

0 

This space we «KaH denote by AC ^ AC {I. X) . Notice that 




AC(/,X)cC{/,X) 
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aod 

H„»*up|u(0|<||u|lo. 

i^T 

Wc need a lv>nnp.^^irtn between conlinuity of a mapping froca a 
topolo^cal space 5 into (/, X) with continuity i"tf> AC {I,X} . 

PnOPOSmON 8, <4aswn< t>uii v ; 3 ^ L* (/, X) and < ; 3 ^ X 
are amimatoaa. Then the mapping 

t 

, — I {< (<) , v<<)) (I) = as)*j» w (r) *• 

0 

is ccnfinuctis from 3 tnlc AC (/, X), 

A proof wc leave as an exorcise. 

We should point out that in the theory of differential et^uaiions or 
differential inclusions solutions which arc absolutely continuous in the 
above sense arc also called ntUd solutions. 




CHAPTER 2 



Real and vector measures 

Let T be &tbitrary ici vith a ^ ftdd S of suUct of T, By s 
pahJtioAofasct A € Ewcucdcrstacd a coimUblc family C E 

of pmrwiac disjoin! measurable sets such that A s y A^. If a paKilion 

nal 

{Aa}^, cooasts ody of finitely many nonvoid scU wc say that it is a 
finite one. 

DeriNITION 3. A mapping m : S X me coll o vector meostire 
if tt possess t^e following property: 

for ony sequence C E 0 / poirvn»e dtsyomi meosvmMe sets 

(2.1) =f;’«(A.), 

inhere the senes on the ripfU hond-side ts abioluieJp iumnuMe. 

Bp the ran^e of a vector measure m ; E — X ve mean the set 

R(m)» {tn(A): As E). 

The /orm^ of all measure* m ; E X ue denote bp M (X) s 
M(T,Ii,X}. 

IfX ^ R then we ahail denote M = M{T} = M{T,Ti,R) and 
any member M coll o red measure. 

The condition (2. 1) we also equivalently expres in terms of monotonic 
sequences C E, 

DeriKITION 4. We sap thoi se^ertee 

mcreostn^ iff Ai C Aj C ... C A«, C 
and 

decreasing iff Ai P Aj 2 3 A* 3 ... 

Pkoposition Assume that a mapping tn : B X posses the 
property: for any disjoxnt sets A, fi € E we hove 

m (A U B) » m (A) + m (S) . 

Then the following conditions ore egvivaient: 
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i m t» a vector measure; 

tt. for every tnereostncf foanl^ C E we Aave 



mlA.) 



— .tn^yx,^ osn— *co; 



ttt, fiyr eter|r tni:reasm9 family C S sucft IJ » T Oiat 

Ml 

uie hMe 

tn (Xe) m (T) Ai n co; 

IV, for ewrs rfecreostn^ /tnrttiy C 2 toen? is 



m 



(>U) — . m ( f| X, ) os n — • eo. 



V for every dacreaeing family {Xn)^j C 2 such tAot Q X« s 

Ml 

Ihert ta 

tn (X«) — 0 Ai n eo. 



1. Real measured 

In reel case wc can also allow a measure m to one of tbc 

impropor values +oo or -oo (but not both). In such case we write 
m ; E — 7i, where by K we mean ftu {+oo} or i? U {-eo), and 
call tn real measure or emended real cocasurc. The family of all 
emended real measures wc ^hoH ayin denote hy M. 

Foe real cocasura m € Al we base the tbUoving: 

Proposition lO. The valttee of a red measure m tuAich never as- 
sume the value +eo are bounded ftvm above. 

Proof. For the purpose of the proof let us call a set Xo € 2 to be 
unbounded if 

sup {m(X n Xo) : X € 2} » +oo. 

Tb a contrary let us tRot the measure m has no upper bound 

i.e, the set T is unbounded. Then the follo wing two situations may 
occur 

(L) every unbounded set contains a measurable unbounded set of 
arbitrarily large measure, 

(2) there is an unbounded set Bq and an integer n<i such that 
contains no unbounded set of measure grater then no. 
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In the case 1 . one inductively construct s decreasing 

CC 

{A«} of unbounded sets such that m (X«) > n. Then for ^ s 0 

nal 

we have, by the Proposition 9 

»n(A)) = m = lim»n(^) = +oo, 

what contradicts our l^potbcas. 

In the case 2.> sines sup {m {A ri Bq) : A € S) b +cc, there exists a 
measurable subset BiQ B(, such that tn (B|) > n«. By our assumptions 
the set Bj is not unbounded. Hence Bo\B| is unbounded, because 
otherwise 

sup {vn {A ri Bq) : .a € S) s 
» sup {m {A ri Bi) + m (<4 n (Bt\Bi)) ; .A € 2} < 

< sup {m (yt fi Bi) ; A € S) + sup {m {A n (Se\Bx)) : /4 € 2} < +oo. 

Therefore there exists a measurable Ai c Bo\Bi with m (Ai) > 1. 
Take Bs s u Bi and observe that Bs c Bi) with m (Bs) > rb). 
Again Bg IS not unbounded and hence B|)\B 2 is unbounded. Continuing 
thi« procedure we may pick up a sequence of disjeont measurable sets 
{Xa} with the property that m(Xe) > 1 that for all n. But then tor 

4) » U 

Ml 

/ M \ 

m (A)) * m I (J Ai I * (A.) = co, 

VmI / bal 

a contradiction. G 



DEriKlTlON 5. A tripU (T, 2,fn) , tuyere m u a rtol metuure we 
shoif coif a mtasurt tpoce. The measure spoee (T, 2,tn) is fintU tf 
m ; 2 — R. 

Note that for a hnitc measure space {T, 2, m) tbe range It (tn) is, 
by the Proposition 10, bounded. This in particular »*i <>»»»« that for such 
measure 

sup {m (X) : X € £} < oo. 

For m € Af by and m~ we denote positive and negative parts 
of tn i.a. 

m' (X) = sup{tn(B) ; B C X, B € £} 



m (X) »sup{-tn(B) ; B C X, B€£}. 
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Recall that (mc [62]} 

6 M. 

Moreover, wc have the Haha dccompcailioa 

m = m* — m“ 



aod total variation 

|m| = m’’ +tn~. 

The space M, oortoed by ||m|| = |*n|(T) , la a Banach space. It is 
an ordered Ranaf* lattice. Namely, for m, i' € Al we say that m < i' 
if for every A $ £ the inequahty m (<4) < v (.A) holds. If 0 < m then 
we say that m is noniKgative. All nonnegative mcaamta we denote 

As an easy conclusion from the definition of poativc and nc|;ativc 
parts we ean derive the following 



Proposition ll. Form,u 6 M tfufolk>tpingeondUi[yns ere e^utv- 
aient.' 

t. m < i>; 

tt. m* < i>‘* and m~ > v~ 



2. Vector measures 



Denote by M (J'f) = M (T, C> A) the family of all measures m : 
S X. We begin with the following 

Proposition 12. The nm?e ft (m) o/e vector measure nt € (A) 

is o bovnded set 



Proof. Fix x’ € X‘ and denote by (A) » (i“, m (A)} . One can 
easily check that p ; S ft is a real-valued measure. Therefore its 
range ft (^) is bounded. But the latter cocans that for every x* ^ X* 
we have 

8up{|*|:*€R(^))»8up{|(i“,fn(A))|:A€S)<oo. 

Now an easy application of the Banach-St»nhaus Boundedness Piin- 
ople ends the proof G 



Depikition 6. Bp the tetai vartafion of a vector measure m ; S 
X on a set itu tisual^ meant 






\m\ (A) » sup ^ y '|m{A*)| : ^ » 



■{t 



s sup ^ ^ \m (Ah A)j r ts a finite pertitum of Tj . 
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PnoPOSmON 13. TJie tripu {T, S, |tn|) , |m| u Itu toUJ vari- 

ation of o vector measvre m S — ' X, ie ofintU measute rpaa. Thxs 
m partxeviar meau thoi |m| (T) t» finite. 

Proof, ^kc sf tatruily &sct .<4 € EandaMt42patti(ioe{^,}M of A. 

By the Hahit-B&fiAchTticotcm there € X*, k € {1, .... n) , such 

that 

|z;i»l and |m(X*)|»<z;,m(X*)>. 

Denote hy 



and by 
Then 



N. = {/:€ ; <i;, m (X*)) < 0} . 



<2|z*|sup(|s|; s€R(m)} 

and bcncc wchavc 

= 8up|^|{z-,m(X»))|:|a-|<l| 
< 2sup{|2| ; X € %(*n)) . 



*•1 



Thus 

H(A)<2sup{|a|:i€R(m}}, 

what givea the rt^uired boundedne^ G 

Moreover m is absolutely couUnuous with respect to its total vari- 
ation. Tbus> ag>H»nin^ the Bauacb space X has the Radon-Nikodym 
property, m can be uniquely represented in tbc torm 



( 2 . 2 ) 



m 



(,i)= y/(i)M(*) 



with dec^ty function / € ^‘ (T, X, Imj) . Additional^, 1/ (^)l = 1 
with respect to |m| , 9inc< every euchdean space admits the Radon- 
Nikodym property, the representation (2,2) holds lot any nonatonne 
vector measure 
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1j 3 further coodideraClons let us fix a oonnegative measure 

M€«(r,2). 

A subact of M (T, AT) coDsistmg of those measures m whieh arc 
ggven by a density function f • ^ ^ L* (T, X, fi) we shall denote 
M^(X). 

For a measure m S X by the reslriction offnioasetB^S 
we mean the toeasutc 

vn|B (A) B m (A n d) . 

PKOPOSmON 14, (t) For any m € Ma (,V) we have 




(ii) Let S he o tcpoiogicai space. Then o mappmg m s m# fn>m S 
inio Aij (,¥) (S ccmfinuotis iff the mapping ^ : S £‘ (T, X,p) a 
eanJmuoits. 

(iii) Reeail that by the VitaJy~ffahn~Sois Theorem, see e/, [62j, /or 

an|r conftnuous m : S — ' (T, X) and A : S — ' 2 the mappmg 

fh : 3 Mt (T, X) given 6j m (s) » *» canimnaas. 

Sometimes there is a need to compare measures mt € M (T«,2i,,Xi,), 
Jr B 1, 2, provided that spaces X\ and X% are isometric. 

DeriNITION 7. We say that measures m« € At (T«,2i,,Xi,), k = 

1, 2 are isomorphic iff there is a moppmg r : 2i 2s such that 
t for any sequence C 2i of poxrujise disjoint sets we 

have 

tt, for every A € 2x 

Eq^vaienihy i. U ean be /bmtJafed m the following ivay: 

t'. for any decreasing sequence {A,}^, C 2x stioh that A b Q A* 

nal 

ihe relation 

f(A}»nT(A.) 

Ml 

holds. 

For example measures vni : 2 R and rrtj = mtX : 2 X, 
where 0 ^ f € X B a given vector, arc ieomorphie. In general (soc 
(1331) 
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Theorem lO, Nonai4>mc tn^vrti m* € (7i„ S^, , fc » 1, 2 

are uormrrphsc xff any uomeiry of Xy and con be extended to an 
isometry of I‘ (Tj, Bxi ”»i) (7s> Sj, ^8>m8) 



S. essential suprema iu£ma 

3.1. Rpfli=»ntifi1 supremum anrf of a famil y of real 

measures. Lot A be an index set and & ^mily 

Dehnition 8. We aay that the famxly is: 

t boxtfided from below by a measure M if for every A € A 
me have 

(2.3) mx > rt>; 

ii. boxinded from aboxx by a measure M if for every A € A 
me have 

(2.4) mi < rt>; 

ttt, bounded by a meoswe ^ M if for every X € A we Aave 
->% < < rt> 

Any measure ^ soiisfyxng (S.S) {(2.4)} ts coiled a lower {upper} 
bound (meosure) /br{”»A}ig^. 

Of course if a &mily {^x}ig^ is bounded frota below by a measure 
^ € Af tben tbc family {~^i}ig4 is bounded from abewe by a mea- 
sure Moreover, bounded family of measures is bounded from 
above and from below. 

We arc going to Hia^ing tbc following qumUousr 
(L) docs any bouiKled from bdow {above) fa»*nly of measures ad- 
mit tbc smallest lower {the greatest upper) bouiKl and in what 
sense? 

(2) docs the boundedness from above and from below imply the 
boundedness? 

Dehnition 9, Let {nti)i^^ C Af a ^ven family of meosures. 
A measure m 6 Af ts coiled (he infimxim (supremum) measure /or 
{mi}x^ if xt aotxsfiea the folloxviny aondttxona; 

X. m ts an lower (upper) bound for {mi)j^^ ; 

«, for any lower (upper) bound v for {mx)ig^ we have m > v 
(m < v) . 

The infimxcm measure for {mi)xg^ we shall denote by inf {mX} , 

while the supremum measure by sup {mx} . // the index set ta finite then 

xeA 
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£Aem/tmufn measure for ve aholi ed/ the rmnonummetisuf'e 

for denote by mm{rni) . in ancA aittiation the 

suprcmuni measure tie Mdi call the ruusimum measure for 
and denote by max {nu} . 

An easy cooduaon from tbc abcArc is tbe IbllowiAg; 



Pkoposition 15. Let{rnx)x^ C M 5e a ^iven/otmiifo/ measures. 
Then 

i m s inf {m^} if and oniy tf -fit = sup {•mt) 

tt, for any mo € t« Aove inf (mi + m©} = inf {mi} + mo; 

^CA 



m, inf {cmi} = 
igA 



cinf {nti} for c> 0 ; 
igA 

esup {m*} for c < 0 . ' 

IgA 



We leave the proof for the reader. 

We need to point out thnt> hy tbc Propoation 15, we may restrict 
out coDsidctatiocis to the existence of measure. Moreover, 

an examination of a family C M bounded from below 

measure m we can alw^% reduce to the case of C Af since 

mi > m mi — m > 0. 

A tituatioQ when wc have positive answer for tbc first <^uestion 
describes the following: 



Theorem ll. iet ^ ^ ° ytven fomtly cf meosures. 

Then there eaata an m/tmum meaavre. If. odditicnaity, a 
{mi}^^ Q M ia boftndffi from above 6|/ a aej>aroble measutr € Af 
then one can pick up a cowleide p^dy aueh that 



inf {nti} » infmi„. 



Proof. Define a mapping m ; C R 
Clearly, for every all o € A and A € ^ w bate 



(2.5) m(A)» 



' fHi, (Ci nA) > < mi, (0) + mi (A) » mi (A) 



and bcncc the condition m the Hi»Rni>irtn 9 bolds. Wc ^hall show 
that It is the required mP>nn>n cocasurc. For tbs purpose wc invoke 
the Theorem 9v. 
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Let S be two disjoint members of L. We need to verify thol 

(2.6) m (j 4 U B) » »n (.4) + m (S) , 

Fix € > 0, doose finite p&rtitioni {Q} c C. sod c £ of 7* 
satisfying for some {Ai} c A and {0j\ C A conditions 

(Ci n A) < m (A) + e and ^ n S) < m (B) + f. 

Then the collection {Q n D,} is such finite partition of T that 
m (A Ll B) < (Q n £»^ ri A) + ^ rriff^ (C, By n B) » 

= ^nii, (Ci n A) + ^ irtff^ (By n B) < m(A) + m (B) + 2r, 

• ; 

Thus 

(2.T) m(AUB)<tn(A)+m(B). 

On the other ne can select a finite partition {C|} c £ of A u B 
and finite (A«) c A such that 

^ wii, {Cl O (A U B)) < m (A U B) + f . 

% 

Then {C» n A} and (O B) are, respectively, finite partitions of A 
and B such that 

m(A)+»n(B)<^»ni. (Q n A) + m*. (C^ n B) » 

« I 

(Cin(AUB» <m(AuB)+f. 

1 

Therefore 

m{A) + m (B) < m (A u B) , 

what together with (2.7) justifies (2.6), Tb the end of the proof that 
m is a measure choose a decreaang family {A^} C C with void inler- 
sectioD. Then, by (2.5), 

0 < m (A,) < mx (A*) , 

what that m (A«) 0, as desired. 

Tb sec that the condition it m 9 holds take any v € M"* such that, 
for every A € A, we have mx > v. Similarly, as for m, we taay conclude 
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that for every finite {A*} c A. atblttary finite partitioci {/() c £ of 7* 
and any C m inequality 



nij, (A ^ V (/4< ri -4) » v(^) 



boJda. Hence 



m(A) 



= inf TWi. (>»i n I > o (^) . 



Consider now tbc case that there is a separable measure ^ ^ Af 
such that for every A € A 

0 < mi < m*. 

Recall that in this case the separability that the metric space 

{C^ po) separable. 

Let be a dense sul:«et in , For every n,t = 1,2, ... 

one can pick up finite subsets c A and finite partitions 



a.,»{/4i;A€A,.,) 



of T such that 






mi(/tinAe) 



Define A<^ s U A. « and notice that it is countable. Thke 

We prove that 

m = inf {mi} = inf {mi} = tio. 

1CA« 

Obviously we have 

0 < m < tia < /!(>. 

For tbc oppemte inequality m > oq observe that for every A € Aq and 
A ^ C9/t have 



(2.8) 

Hence for every given n,i » 1,2, ... 

mx(Ai(^A.)> ^ fo (Ai n A.} » tia (Ae) . 
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Thus 



m 



(A.)»i^| ^ mi(Axn4.)j >i;a(^). 



The lAtUr, together with (2.8) , stAnda for t.hat the inequality 

(»n - ua) (X) > 0 
bolds for evwy membtf A c {4.}^,. But 



0 < tfa — 

aod therefore the measure ua - nt is absolutely cootiiuious with respect 
to tM). Hence the separability of ts) - m is soparable as 

well and therefore is a subset in (£, iti — m) . This in 

turn I9VGS m s what completes the prooi G 



COhOLLARy 1. // 0 fomiiy {r*»i)igA C Ai *s ^oun<^al frxm below 
by n4 and from obove by then tf u bounded by the measure 

vno B max{m«>''m«) . 
this we leave the reader as an exercise. 

3.2. Fifffli=»ntifi1 supramum anrf t nPmum of a &mily of func- 
tions. The previous coo^daation ate a basis of the notion of essential 
supremum and of an arbitrary family C A1 (T, ^ of 

measurable functions. Recall that for arbitrary u, u € Al (T, ^ the 
symbol u < v stands for tbat u (f) < v (t) a.e. in 7*. 

We begin with 

DeriKlTlON 10. A measurable fimetton u ; T — 71 ts said £o be 
the essenttal in/imum (essential supremum) of i/tefQmUy{ux},^ C 
M(T,7i} if 

t for ewry A € A there *s uj > u; 

tt, tf for some v : T 7? ond for every A € A the inegwaiUy 
« {**i 5 **} holds then u > v (u < v) . 

The essential infimum [esseniial supremum) is denoted by 
ess inf {ua} (ess sup {uv}) or essinf {ui} ( esssupfux} 

IgA 

Before we prove that the essential infimum is alw^% well-defined 
we give some it’s properties. 

Proposition 16. The essenttai tn/imum and essentsal supremum 
have the followm^ usefid p rop er t i es: 

i. us ess inf (ui) if and only if -^u s esssup{-ux} ; 
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tt, for anj a € Al (r, H) 

tae sup {ui ^ a) s eoa sup {u^} ^ a; 



(2.9) esa inf {ux a) » ess inf (ux) -f a. 
ttt, 

. , f ceisinffux} for c >0 

essinf {cvx} - s i ■ 

' •' [ cess sup |ux| for c <0 

We leave £/ie ptvof for the reader. 

The abcATc Proposition allow to conamitwc just on csscniinl inhms. 
Havieg this in rr^inH wo can pass to the cnstcncc of prescribed above 
objects. 

TaeOREM 12. For a jtwn family {«\}xgA <Z M{T,7t) there exat 
eisifif{ux}. Moreover one can ptek up a oovrUobU famtiy {ux«)^.j 
such that 

( 2 . 10 ) eea inf {ux} » > 

H 

<9imtlor statemente hold for esseniui maximo. 

Proof. Out construction proceeds in two stops. 

Step 1. Suppose first all ux are bounded hy an ipiegiable 

function, 1 . 0 , there exists ^ (T, i?) such that for every A € A 

< Ux < V? 

or, ei^uivalontfy, 

0 < Ux + ^ < 2^. 

Replacing (ux) with {ux ^ we may in view of the Proposi- 
tion 16 , that bx a function a 6 (T, A) such rhat 



0 < Ux < a- 

Take measures rux and pQ with dcntitics, respectively, ux and a, i.e. for 
every A € {A«} c ^ we have 



and 



m>M)= 

A 



By the Theorem 11 the measure 

»n » inf ntx 




3. eaSENTlAL SU?R£UA AND INPIMA 



9S 



is well dcficicd. One can cnaly check that 



(2.11) 0 < m < mi < rt)« 

Since ^ IS abaolutoly continuous with respect to p then the ga»yn> is for 
m as well But this in view of tbc Radon-Nikodym theorem giMss the 
existence of tbc density function u € (T, i?) such that hx L 

m(A)= 

4 



We 'dial I cheek that 

u s esi inf {ui) . 

From (2.L1) we conclude that for every A € A we have 



0 < i» < «i < a, 

what shows the condition i. of dchnition. 

Tb see that the condition ii. holds take any v T — ' 7? such 
that for every A € A the inequality Ui < v is satisfied. Rcplacmg, if 
necessary, v n^m {v, c} we may ttiat 

0 <v < 0- 



Considet a measure me : C ^ven by 

(2.12) me(A)» J 

A 

Then for every A € A we have 



0 < mi < mo 

and thus 

0 < m < m®. 

But tbc latter »yn>at>a that u < v> what shows tt. 

The remainder is tbc condition iii. We recall that u is separable. 
Since po 1^ absolutely continuous with respect to >i, then is separable 
as ncU. By the Theorem IL there is a countable Ao C A> that 

inf {mi} = m = inf {mi} , 

We shall prove that 



essinf {tu) - u B ii^{ui). 
Of course, '*>^■•'0 for A € A we have Ui > u, then 



inf {Ui) 



> inf {till > «. 
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Hcocc for every Aq C tbc following inci^uRlitie^ 

fn(i4)» j {ui {«))/*(<*}»♦« (A) 



boJd. Hcncc 



{Ui} = inf {Ui,}, 



whnt shows ttt, 

SUp 2. Let m general {w}igA C Al (T, 7?) be srbitr&ry faimly 
of measurable functioos. For every k = 1,2, ... coosidcr trui>catcd 
funciiofis uu given by 

( Ux{t) if Mt)\<k 

(2.13) */ . 

( -i-1 if ux(«)<-fc 

Of courso, the fuoetions arc toeasurable with 

-(Jf+1) <i»ij <„.<Uij<uxH» < ... <mm{Ui,(fe+l)} 

aod 



(2.14) Lm itAj (t) s ux (I) . 

b — 



By (2.13) tbc families arc for each k = 1>2, ... mtegrably 

bounded by (ic + 1 ) and tbcre£iiK, by the step 1 ,, ti« = ess inf {uxii} 

are well HHinAH mtegrablc funciiofis. We claim that lim exists and 

100 



(2.15) 



u s lim u« = esrinf {ux} . 



By (2.13) and the Theorem 11, for every k = 1,2,... and A € A, 
we have 



esa inf {uiA) < cas inf {ux>ti } < ess inf {«i) , 
or, in other words, 

u* 5 < „. < esi inf {«i) . 

The latter i>n pliwg that 

u = lim tt« < esrinf {ux} . 

^ too 

Tb the end of the proof we need to show that 

u = lim tt« > esrinf {ux} . 

^ too 

By eofistruction, for every k = 1,2,... and any A $ A we have 

ux,h 2 ess inf (uxj) = uj,. 
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Passing to tbc limit with h oo wc obtain, by (2.14), that for every 
A € A 

ux > u. 

Therefore 

eisifif {ut} > Uy 

what shows (2.L5), 

The only rccoaming part to be proved is the conditioci (tii) . Fbr 
every 1; s 1,2, ... let A* c A be a countable set of Indicis that 

(2.16) esiinf {u^.) s inf {«») . 



Take - U and observe it is a denumerable set. We will 
check that 



The inequality 



easinf{ui)s inf (u^). 



easinf{ui}< inf {uj) 



IS uunediate. On the other baud for allv € A andk = 1,2,... we have, 

by (2.16), 

(2.17) tu* > essinf {iui} = inf (ux) > inf liu}. 

ACAt 

Passing to the limit with k oo wc obtmn for every A € A, by (2.17), 
the inequality 



and finally 
what eompleteu the proof. 



M 



essinf(iu) > ,inf {u#} , 



4. Range of vector measure 

4.1. Lapunov theorem. By the range of a vector measure m € 
M (T, X) wc call the set 

S(m)s {tn(A):^€ E) 

A basic result describing the properties of the range belongs to La- 
punov [140], SCO d [55j. Recall that measure m^M (T,A!) is called 
nonatomic if every set A € E with |m| (A) > 0 contains a set B € E 
such that 0 < |m| (B) < |m| (A) . 
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Theorem 13 (Lapunov). Let ms (mi,..., mi) € M(T,ff) be a 
ncfutiomie vector meoevre. Then lU nuiite K (m) u convex and com- 
pact. 

Proof. There ate macy proo& of the ihoorcta. present one, 
belongiCLg to Liedenstrauss [150], based on the fimclional analysis ^ 
proach. 

Consider an integral opetatot L : (T, A, |tn|) — ~ R given by 

Lh= I nt)h{t)\mHdt), 

T 

whero 

is the Radon-Nlkodym don^ty of m with respect to it's total variation 
|m| Obviously L : i* (T, R. |»n|) — ' i? is a • - u^aJsljr continuous 
functional Put 



Zs {2€ I*(T,/l,lm|) :0<r(t) < 1 o.e, in T) 

and notice that Z is convese and, by the Banach-Alaoglu theorem, * — 
weokly compact. Now the proof relies on the following relation 

R(m)» L(2). 

Evidently m{A) s j (t) / (e) |m| {dt} = L\a for any A ^ Z what 
T 

shows that ft (m) c L{Z) . Tb see the opposite inclusion (nek up arbi- 
trarily a point X ^ L (Z) and dHini> 

2,s{z^Z:L{e)sx}. 

It IS sufficient to show that Za contams some xa then m (^) = 
X. For thi* purpose notice that Zt is convex and • — weakly closed, 
therefore compact. Ucnee by the Krcin-Milman theorem Zt 

ivtnrairat au cxtfcme point e. We ghall show that e is the characUristie 
function ofasct.4€E. Tba contrary >»ggn»n» that there exists r € 
(0, 1) such that the set 

:r<e(t) < 1 -r) 

is of positive measure, i.s. |m| (£} > 0. Thus the space 

YsL‘^{E,R‘, |m|) 

ia ictfinitely dimensional and hence dtm > 1. Therefore there easts a 

nonacro function u € (E,R*, |fnj) such that / / (t) u (t) |m| (dt) = 0 

s 

and ]u(t)| < r a.e. in E. 
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Exteoding u oq 7* by scttmg u (t) s 0 oa 7\E wc obt&ic a function 
« €i*(r, i?‘,|tn|) such Uiat 

I(u)sO 

and 

|u (t)| < r a.e. m T. 

One can ea^y chock that e - u and e + u are in 2,, what contradicts 
with the eartrctoalJty of e and completes the proof. G 

There is a story of results concerning the range of vector mea- 
sure. The first result of this type belongs to Sicrpihski [213] who 
showed that the range of a real nonatomic measure is a compact inter- 
val. The Lapunov Theorem in the form we have presented was shown 
in the finite Hi>m»nginnal case. In infimlely spaces the 

situation is very subtle. The following example shows that there arc 
nonatomic measure with nonconvex and noncompact range. 

Example S. Consuier ifie <y - field of the Lehe^gue meavrabU 
siibatU of I 9 [0, 1] , Define a msisvrt x • (f ) aseigning U> 

fficK A ^ Lt tt'9 eharacterutie function Xa- tAc mn^e of \ to 
neither amvex nor eompaei. 

PnooF. First of all wc shall implement that x 1^ & measure. Fbr 
»hifl purpose take an arbitrary Hiyriraaing funily of measurable sets 
with void intersection. Wi need to check t^ot 

Xa. — (/). 

But it IS an easy conclusion from the Lobesgue Dominated Convergence 
Theorem since Xa. 0 o.e. in T. 

The range of x k nonconvex sinco 4 ^(X) ~ {Xa ^ € E) . 

It can not also be compact. Indeed. TakeB^ s {r € / : sin(2^trr) > 0} 
for each n s 1, 2 A brief computation shows that for n ^ m 

ha,-X*,||.=nfi.AS.) = l 

what IS a conclu^on of the Proposition 7, □ 

Nonatomic measures with convex range in infimtely dimcn^onal 
spaces are well- characterised. The most powerful result belongs to 
Knowles (see [l&S]), but it is beyond of our interest. However wo 
present two very subtle results in infinctety dimensional spaces. Some 
authors have consider questions which compact and convex sets 
can be range of a nonatomic measure (see cf. [131]), About other 
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raults conccraicg vector measures, Lapuoov mcasuns, Lapunov cx- 
tcD^OQ aod related to|^ we rccommccid tbc reader moDographs hy 
Knowles and Kluvanek [133] and by Diestd and Uhl [95] . 

The reader might have already noticed that presented above proof 
of the Lapunov Theorem did take an advantage of the reprcsemation 
(2.2). Honcvcf a verson of this result in infinite Hi>m»ngnnal case 
requires the exislence of the density function. Namdy, nc have: 

Theorem 14 (Uiai k Umegaki, Uhl), Consuler a measure m € 
(T, X) wUH the densHy functt<yn / € (T, X, n) . Then ctfi (m) ts 

oemues and compact 

Proof. We first show that dlt (m) is compact. Invoking the The- 
orem 9 we know that operator L : i* (T, ft) X given hy 

Lh = jf(t)hlt)d^ 

T 

is compact. Therefore the compactnrss of ctft (m) follows from inclu- 
sion 

(2.18) R(m)»{fn(^):A€2)»{I(x,):X€r}ci(2), 

where 

Z » {2 € L^{T,R,ti ) : 0 < r(f) < 1 o.e. in Tj » Q, i) 

For the convexi^ of dlt (tn) we have to show that for owsry e, 9 € 
dft(tn) andA € / b [ 0,1] 

Ao -h (1 - A) & € dH (m) . 

Fix a, 9 € dft(tn) , A € i and e > 0, One can choose sets /4,fi € S 
such that 



a - [f{t)M{dt) 


< e and 


b~ If {l)Mi<t) 


J 

A 




J 

M 



Since / € (T, X, p) then there exists a simple function/, € (T, X, p) 

such that 



(2.19) 
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Lot ^ fe'i some Xk ^ X and a finiie partition {A*}2.i of 
T, By the construction we have 



< 2r, 



a- /* feit)fi{dl)' 


<2f 


and 


b- 


J 

A 






J 

B 



Therefore 

(2.20) 



Ao + (1 - X) & - y /at) (A) + (1 - A) y*A (t) j 



< 2r 



or in other words 






nA,))^„| 



Consider measure u : S J?* given 

(2.21) i/(C}*(M{cn/.)> ,M(cn^)}. 

Since I' is nonatoimo then the Lapunov Theorem yields the eaastence 
of such C € B that 

A*/(/4) + (l-A)t'(fl)»*/(C), 

The latter in particular means that tor X s l, 2 n we have 

A^(/4nx») + (i-A)#»(Bn^)»^*(Cn/4»). 

Therefore 

a/ + (1 - A)/ /, (0*i w = 

4 B 

n 



*•1 



I»1 

By (2.19) wcobt^ 



*£j.(A>iMnA) + (i-A)>i(flnx*)}» 

1 

= £«^(CnA.)= 



A y* /at)M(^)+(i-A) J - J 



/ C 



<e. 
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what together with (2,20) 0vcs 

|Ad+(l-A)6-m(C)| <3#. 

This in particular »»i <>»»»'» that 

rf(Att+ (1 "A) 6 ,R(m))< 3 tf. 

But f > 0 was arbitrarily chosen, so the latter shows thai 

Ao<K (1 *A)6€d7^(tn) 

and it completes tbc proof. G 

The prevKPUS theorctn in a Banach space X with the Radon-Nikodym 
property can be formulated as follows 

COROLLARV 2 (Uhl), Lei X he a Banach space X the Radon- 
Sikodifm property. Thtnfor any given nonaUyimctneae^m ^ M{T,X) 
(he doevrt of the mn^e it (tn) ts eompad and cont«£. 

Proof. It follows from the rcprcscctation 

with density function / € (T, X. |»n|) . □ 

5. Segments for nonatomJc maasurse 

5.1. Segments for a measure. In what follows wc identi^ a 
function f ^ (T, X) with the tocasure m € (T, X) given by 

m(,4)= J 

A 

In such case we also write / s As a conclusion of the Theorem 14 
we obtmn: 

Leuma 1. Let rh = (m,tno) : S X x /I* be a nonatomxe vector 

meesnre ti*tlh m € Ma and mo : S Ff. Then for any given e > 0 

and et«r|r o € / there u o set € S such thoi 
\ |m(A«) -crm(T)| <r 
and 

it. n*o(A«) = amo(T) . 

Proof. Notice that 11 (m) alw^s contains 0 s «n (0) and m (T). 
Thus, by the Theorem 14, the segment 

i 0 ,m(r)lcc^ 1 &(TO) 
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aod hence i. holds. A possibility of having an additional condition 
tt. follows from a modifrcatioci of the proof of the Lapunov Theorem. 
Namely we should take instead of u given hy (2.21) a measure u = 
(i/^mo) : E and repeat a construction. □ 

The previous Ti>in>nti 1 givss no information about the &mlly of 
measurable sets satis^^ng i. or tt. This can be, however, done 

in amore precise way. To do that we need some preliminary definitions. 
Lot (A, be an ordered set and consider a family { of measur- 
able sets. We s^ that family tbe is increasing {^er easing} 

i3A«C 5 whenever a ^ Q. 

Dehnition 11, Given a vector measure m : E X. An mcreos- 
fomiiy Ao B 9, Ai sT we coll: 

t a segment for m \3 for e\tery a ^ I is 

( 2 . 22 ) 

tt. on e-segment for m iff for every a € / the mefuoAty 

(2.23) \m (A«) - am (T)| < t 

holds. 



If / € L* {TyX) then by segment or s-segment for / we mean a 
corresponding family for measure m € with / s *s. 

Theorem is, Leiihs (m,mo) : E ^ x k o nemofemte 
uettor measure unOim ^ Ma ondruf,: Z . 7henfi>reverye > 0 

there exists a family {A«}^ C E whtcA ta on e-aegment for tn os iveU 
as a segment for niQ. 



Proof. Fix c> 0. Denote for every N 

A^s A,k,i,2 2«| 



and let A s (J A^. First we use an induction argument to con- 



nal 



struct an increasmg family s A\ s T satisfying 

for every n s 0 , 1 , 2 ,... and all k s 1 , 2 , ..., 2 * the relations 



m f A 






(2.24) 
and 

(2.25) mo(,4^) = l;m„(r). 
For n s 0 «»>W> Ao s 0 and Ai s T, 




M 
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For n B 1, the Lomma 1 yiolde the existence of n set ^ S such 
that * 



(2.26) 

aod 

(2.27) 



- =m(T) 



29 2 V 2V 



what that M a required family tor n s l. 

lb rrtah> a conitructioQ for n B 2 let ui ot«crve that from (2.26) 
aod (2.27) follows that also for B> = T\.Ai the relations 



tn 






and 

mo(Bj) B imo(T) 
bold. Conadcr a measure 

fns(^) B /4i) ,tn ^/4nSj^ ,nio '^l) 

and observe that 

m,;S— 

is nonacomic as well. Therefore the Ti>in>nfl 1 applied to rrtj with p 



g9VGS the cnstccce of a set C 6 S such that 




(2.28) 


m(cnX.)-im(A.) 


i 


(2.29) 


|m(cr»S.) - 




(2.30) 

and 


mo(cnA.) B imo(. 


^i) 


(2.31) 

Put 


mo n = -m* 


’O- 



Ai ~Cr\At 

t a 



and 



A> s AiU iCnBt 



and observe that family {-4o)aeA» ^ increasing. By (2,28},,,., (2.31), 
one can conclude that 






2 (‘ 2 ») 
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aod 

what gives the cooitructioci for n s 2. 

Aisume that we have already eofistmeted scU A < € S such that 
the family {Aa}«^ is iocrea^g and saliahca (2.25) for mu and (2.24) 
for m. CoiiAder measures 

m«»(mx m*, and b (mm n*c*, 

with coordmates 

tnj, (A) » m (A n B*) and mm (<4) s m* (A n B^) , 

where 

B* = < . 

•j»* ' jir 

Observe that 

(m., moe) : S — ’ A X ... X ;r X 

S’* 

is Donatomic as well. Therefore the Lemma 1 applied to (^, 
with gives the existence of a set C € S sueh that 

aod 

m«.(C) = im*.(r). 

The latter that for 1; s 0>1>...2* - 1 we have 

(2.32) m(CnB*)-gm(Ba) 
aod 

(2.33) »no(t?^fii)»5mt(Ba). 





Aug UCnB*, if *0,1,.„2*-1, 

aod observe {•’^)oeA, , ^ ^ mcrca^ng family. By (2.32) we 
conclude that 

Ir. \ k i t 1\ t t t ^ l\ 









while from (2.33) we have that 
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what ii A coostmcUofi for n + 1. 

Having cofisiructcd the &mily {•^) for q € A we ext4iad it for 
every a € i by 

A.= \jA^. 

Obviously { is lAcrcasicg. To see tbst i. sod ti sre true take 
a Qondccrcasing sei^ucDce On ~ ^ Hence 



C C '** C c •»> 



and therefore 






But 

and thus paggiftg (4) the limit with n — 00 we get 

|m(/U)-»«(r)i<£<». 

Similarly, 

me(^)B lim TnoiXa.) B lim oamo (T) s ermo (T) , 
what ends the construction. 



□ 



We shall in<^ntif>n that every finitely diincusioiial nonatoime vector 
measure m : B admits a segment. Moreover, we may assume 

that m<i s p. In this case the Theorem 14 can al'^^ be formutated as 
follows: 

Theorem 16 . Xef / € i‘ {T,X, ft) . Then for every r > 0 there er- 
ieU a fomiiy {Aa}^r C B iiAtch ts an e— s^menl for f and a eegment 
fOTfl. 

Assume now that a measure m : B X admits a segment 
C B, The smallest e - ftdd containing wc «Kali 

denote by B; c B. We use the letter I to underline the similarity of 
the structure B; to the <r-/iefd ^ of the Lobesgue measurable subsets 
on /. In particular the measure m restricted to B; generates a measure 
f X : £fl — X given by 

fx B m {As\A^) B - a)»n (T*) B f {{a, 0 \}m{T} 
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aod ncxl cxtcodoj, by tbc standard Carathtodory procedure, on 
Moreover, a formula 

(2.34) 

for Q, ^ € / with a < 8> leads to an isomorphism r : {I,£nyix) 

(T, C;, m) . So, we have the following 

Proposition 17. Ut C S ie o segment fiyr q vector mea- 
sure m : C X. Then the /ormlv ?®"emles o tf — field 

S; c S and a veclor meosv^ ix ' ^ X stieh that (/, £d,fx) 
and {T, Sf, m) are isomarphxc. 

Corollary 3. Aaevme that p ts o norm^ioltve, rumolomtc meo- 
sure defined on o<r - fteid S. Then S ts not oompoct. 

Proop. By the Theorem 16 the measure admits a segment C 

S. Hence, by the Proportion 17, C 2 general® a tf - field 

2; c 2 and an isomorphism 

Take 5* » {r € / : sin(2"»r) > 0) for each n » 1 , 2 , ... and denote 
Employing the arguments from the Example S we have for n ^4 m 

Thus 2 is not compact. G 

Corollary 4. Let T te a complete aeporable metric apaoe ti*t£h 
a a - fteid C of Leheagne meostiroAie sets given by a finite Radon 
meaavfe p. Then for any ^ven Ojiu^lA (T) , p < oo, the aet 

U^iuXx.A^C) 

eon not be compact in 1/ (7^ . 

Proof. Denote B s {t : u (t) ^ 0) and obser%He that 

U^{ux^iA^C}. 

Let us notice that since p (£() > 0 then ibc mapping 

**X4na Xaar 

is well defined and continuous from U onto C\ g. Thus if was compact, 
therefore £,g would be compact as well, what, in view of the Corollary 
3, g^vea a contradiction. □ 
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Remark 3. <u in ifte .Prciponfion i7 nx eon eomtruet 

o - fitldi Sn, Sy, C S are tsomcrphtc vnth the Lebe*gue 

meosttrabk subsets, respeetxveiy. of the cube [ 0 , 1]* , [ 0 > 1]^ or [ 0 , 1] . 



5.2. S^gmdots for a family of maasuras. Coasidcr a family 
of cocasutcs {^}oeA ^ ' Tbcc each of iheta admita an 

f-segment, V>t coay in any case that they arc sc^ 

ments for a givn^n nonatcumc cocasiirc € Af (T, R*) . In certain situa- 
tioDS f-aegments can be however choaec independently on a parameter. 
Namely: 



Proposition 16. Let S be o compact Housdorff topologteai space 
and consider a eontxnuous mopfnng s m, from S into Ma (T, X). 
Then for everf/ e > 0 there esssts a fomify tiihtch is an c- 

segment for everp m#. // oddtttonailp we bate ftven a nonaUmte mea- 
sure € M then we mo|r atso regutre that is a s^ 

ment for ptt- 

Proof. Fix e > 0. For any ^ven so € ^ consider a sot 
V'^ a {s i |m, - m^l < |} 

Observe that family is an open covering of the compact 

spaca S. Therefore there esd^ Si>S2, .... s. such that 

S»V..u,..uV^. 

By the Th^rrem 14 there exists a family {Aa}o«r *^ch is an j-segment 
for a measure 

ia » (m^ € Ma {T, X* x /?*) 

and therefore for every m,,, i s l, 2, .... r and for Wc shall check 
that {Ao)oej R required family. By construction wc need only to 
verify that for every s ^ S the fblioving inequality 

(2.35) Inij (A.) - orria (T)\<e 

holds. To see this take ai^ s ^ S and let s* be such that s € V^. Since 
{Aa}^r which is an j-segmem for a measure m#, then wc have 

Hence 

\tn, (4.) - am. (T)| < 

< |m. (Ai) - rrta, {A,)l+I»n., (^U) - am^ (7^1+a K (^) - m,, (T)| < 

< 2|m, - + |m* (Ai) - (T)| < e, 

what shows (2.35) and completes the proof. G 
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Of course a coatimious family 9 m, from 5 icto may 
plenty of f-segments. la further coDsidcratiocis we need a way to pass 
continuously from one f-segment to another. This ^tualioa arplams 

Proposition 19. Let betwofamtiieeofmea- 

MiroAie eeU vhxch are e-aegmenU for m € and 9egmeni9 far o given 
nofuUomie measure 

Then tftere ertsU o conlmaous mapping D ^ I x. [ L t«£/i the 
follovjing properties: 

\ 5 ( 0 , a) » .4a ^ (1> o:) » 6ft for every a € /; 

tt, (2^> ')}#^ ** /o>* every r € / on f— a^menl for m as well as 

ttt. ii(i>(r,a)AD(tf,a})<|s-v|>i(r). 

Proof. Siacc {.4a)o^7 {^a}a«r ^ ^ particular segments tor 

fii therefore the mappings a — ' q as well as a 

irt (Aa) and a m (da) arc continuous. Hence 

o = ma): <max|m(..4o) - am(T)| , maxim (da) - om(T)| > < s 
( aef ttf/ J 

and we may choose > 0 such that 

(2.36) o+2»?<#. 

Consider the measures 

^ ’^is.) € Ai* (r, .V*) 

and oli«crvc that the mappmg a nta is contiguous. The Proposi- 
tion 18 yields the existence of a family which is an ri-scgment 

for all mo as well as a segment for Put 

D {z, O) » {da n c.) u (A. n (r\c.)) . 

We that D(\ ) is a required mapping. 

Obviously L holds. 

Tb show that H. is satisfied otserve that for evnry a, z € / we have 

(2.37) Imo (C.) - zmo (T)! < t} 
and thus 

|ma(T\^,) - (1 -z)ma(r)| <»?, 

The condition (2.37) we can rewrite as 

|m [Ct n do) - zm (da)| < 1 ?. 
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But is an f-scfsncat for m, therefore 

(2.38) < |fn(Crnfi!a) - 2 m(B^)| + jzm(B^) — zam(T)\ < ry+ zo. 
Similarly from (2,37) we have 

(2.39) |tn{(T\C,)n.U}-(l-z)Qm(r)|<ry+(l-z)fl. 
Adding (2,38) and (2.39) we get that for all a € / 

|»n{D(«,a)} - am(T)| < 2ij +o < f 

bolds. The for ^ are exactly the same. So it, bolds. 

The property tti, follows from the fact that 

D (z, a) AD {y, a ) » (4.AB^) n (C^AC,) . 

It remams to expl^ the coatinuity of D . I\I C. But this follows 
from the coslructioQ since the mapping z C, b continuous aa well 
as Q Aa and a This completes tbc proof. G 

R£MAKK 4. The moppm^ ^( >') appeonn? in the Prepontien 19 
plaffS the roU of a homotopir. We rhali ait D to be a mapping jointru/ 

The PropemtioQ 19 gives the existence of e -segmenta for a continu- 
ous family of functions s /, from aeompact topological Spaces into 
L* (T, X) . In particular the r- segmenta cdst for a convergent sequence 
of /, € i* (T, X) . If {/*} c (T, X) is an artetrary sequence the lat- 
tes may fail even ifX s R. But in this ease we can build upa "tower" 
of a-segmenta for each of the functions * (/i> •«■>/».) € i*(T, X"). 
Namely we have the following: 

Thbobem 17. Let ^ swe« re^ence and 

denote hyg^ ~ (/ii ««>i A) € (Ti X*) . Then there exisU a amlmatn** 
mapping £> : [ 0 > eo) x / £ with the following properties: 

1 . ( 0 ( 2 ,q)}^i 1 * /or every 2 € [ 0 ,oo) ana-s^menf /or g, wth 
n » l2) ; 

tt. u {D (z. o) AD (v, a)) < |2 - y| p (T) . 

//, additionally, we hovegitien a nonaU>mie measure pQ € Af (T> 
then we may retire that 

m, { D ( 2 , o)}^; IS for every z € (0, co) on e-aegment for 

Proof. Fix e > O. By tbc Theorem 15fbr evnry n » 0,1, ... there 
oust families {£>(n, o:))^gj which arc a -segments for such that 
1 . holds for 2 s n. We may also require that thmc families are seg- 
ments for pq. W: extend for each s € [0, oo), Tb do so let 
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us first ol«crvc that {^(m, arc f-ac gm ccta Ibr ^ Ibr every 

m > n + 1 , Therefore tbe PropoutioD 19 applied for {D and 

{^(n + 1, yields tbe cxistoccc of a eocitijuious mappmg Cn : 

/x/ — £)oimog{£>(n, acd {£)(«+ . Ooccaneaajy 

check that the map|»ng a) defined by D (2>q) b (2 - [2] , a) 
for 2 € [n, n ^ 1) satisfies t. and tC li, additionnUy, all 

(r, o:)}^ j are segments for so tbe same bolds for each (s, j 

0ving tti. O 

5.S. Continuous partitions of a measure space. Let (T> Ci n) 
be a measure space and (5, d) be a separable metric space. Fbr every 
s € AC can consider a partition {A« (r))^i of T. Such a family we 
call finite li It possess tbs property for every s € <$. If each X« : S — ^ 

C IS continuous then we aay & continuous family 

of partitions. Similarly, if it is sstablishcd on 5 a <r-field S then 
{A«(s))^i is a S- measurable fomily of partitions whenever 

each Af , : S — £ is S — vRenaimiAle. 

Theorem is. Letp^:S ^ (T. X) be a sequence of conlmaous 

mapptngs, Connder 0 locoOy finite open cotierm^ 

^ ^ portitum of unity auhotdxnaUd to tfu» eovenn^, t.e. 

avpjxfir. CV^> for ns 1,2,.... 

Then for every eontinnona e : S — ' R* there exists 0 finite end con- 
tinuous fomtiy {/4^ portihims such Ihot for every s ^ S the 

mequaiitp 

^ ( 2 ) {<)>!(*) <2{s) 

i -‘ai) 

holds. 

//, oddiftormlii;, tiie hnt« ^ven a nonotomie meosure ]1 = € 

M (T, ^■'*) then we may retfutred that {/4^ { 2 }}^, satisfies, far every 
s ^ S, an addttionoi eoruHiion 

|m{^(2))-v^.(2)5(T)|<s(s). 

Proof. Replacing for ^ven continuous e : 3 — ' ft* the functions 
pB with Ipa and measure ]1 with Ip we may require that 

e(r)sl. 

Denote by N, s {s : (s) > 0} . Con^dcs functions : 3 — ' / such 

that hn (r) = 1 on aupp and aupp C for n s 1, 2 , ... . Observe 
that each h, is continuous cardinality cerd{A^,} < h^is). Set 
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r(«) » Aixl <k.(«) = (i). Obviously f (a) > 0 

Ml 

aod the ma ppingg r(>) and k„ (>) are coatiuuous. 

Fix «o € S end 

( 2 . 40 ) n (- \. 

4*1,1 «nd3f‘(a)<4f(sa) / 

The family {^«)^5 is an open covering of the space 3. So there oxisU a 
sequence of functions o«i : S — / such that the family {iuppQst)".j 
is a locally finite subcovering to ARd the sets 

lV,,»{s€ 5 :r„(a)»l} 



still cover S. Select s«v auch that W,^ c consider functions € 

ir* {T,X) defined ty s ihn (s„) if ; » 2®‘3* and » 1 otherwise. 
The Theorem 17 applied to sequence (u^) yields the existence of a 
continuous mapping D ; [ 0 > co) x/ C with the tbUowing properties: 

1 . {P(r, o:))^gjisforevery 2 € ( 0 , oo) an ^segment tor aiq'ui,u,...,uj 
with j » [ 2 ] ; 

2 . ( 2 > o) < I * - Vl ( 7 ') ' 

If, additionally, wehavegiMA a nonatomic measure € M (T,^) 
then we may required that 

3. {.D ( 2 , ci))^gj is for every 2 € [0, co) an j-segment for » 

Let 

rW=f;r,WA.W 2 ” 3 “ 

Ml 



and notice that r( ) is continuous. Set A(i,a) = D(r(s) ,a) and 
olccrve that for any a ^ S the families {<4(s, are ^segments 

for all tti, Us,,.., Uj with j = [t(s)). Moreover we may require that 
they are also ^-segments for ^ s (^, . 

We claim that if for some s € 5wchaveh«(s) = 1 then {A (s, 
is an I -segment for r (s)p^ (s) , what in this case that for every 

a € / the following inequaUty 



(2.41) 



J p,w(i)».w-<.yp,w(')»>w 

'(•a) ^ 



< 



I 



holds. Indeed, fix s € <? such that h« (s) s l and o € /. Pick m such 
that a € W’c C V,^. Hence (r (s)] > 2*^3” and therefore A (s, o)^, is 
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an ^-iogmeiut (o: fc, («„} = ' (^m) ' luUt ’n*^* that 






H(«^) 






But 

(2.42) 









j ft. is^) it) K) {t)f,{dt) 



^2\\Kis)~k^is^n, 



[«•,«) r 

By (2.40) and the cboiic of cxpresaon is wfllVr that 



2r(s)’ 

what shows out cl^ju. 

Denote ^ 4) (s) s 0 and s^ (s) = tfi^ (s) ^ ... + (s) put 

^ locally finite and cocitiiiuous partition of unity then 
{X«(s))^i is a continuous family of partitions of T. Moreover, the 
mappings : S C arc continuous because such is the correspon- 
deuce (s, a) ^ /4(s,o), We shall show that {X«(s))^i satisfice 1. Tb 
see this observe that from (2,35) and (2.42) follows that for n s 1 , 2 , ... 
we have 



j p,W(i)^(di)-,).w/p.(<)W».W 



M«<«) 






But the cardinality cord{s : B.(s) ^ 9} = cnrd{M} < h«(s) < r{s) 
so we obtain 



J / P. (s) (t) fi {dt} - §v9i. {«) / pf {«) («}#*{*) 

r 

The additional condition is immediate. This ends the proof. 



< 1 . 




Part 2 

MULTIFUNCTIONS 




CHAPTER 3 



Preliminary notions 



The object Qumined in thia book ii a muJtifuction ot, in other 
words, a multivalued ma pping p ; T — jV (X) . We have to report 
that some authors aia^ coappifigs P T 2^ introducing 

it's docoain Tp = {t € T : P (t) ^ 0) but such approach bads to a 
multifunction P : Tp — N (Jf ) . 

By the graph of a mulUiunotion P : T N (X) it is usually 
meant the set 

grP^{(t,x):x^P{t)}, 

Any point wise function p : T — X can be ideal ified with a caul- 
tifunction P (t) B (p ({}}, On the other hand any pointwise function 
p T X is called a selection of P ; T — • JV (X) i3 for every t € T 
the relation 

holds. If, additionally, p is mcasurabb we shall call it a measurable 
selection, while foe continuous p - a continuous selection. 

Many important regularity notions such as measurability and con- 
tinuity of pointwisc mappings have their counterparts for multifunc- 
tiocs. Adequate approach can be braught by a suitabb understanding 
of counter images. For taultifunctions we can do that in two ways. 
Namely, foe $vcn A c A! we can 

P-{A) B {t:P(l)nAji0) and P^ (A) ~ {t . P(t) <Z A) . 

From the definition one can carily chock that these objects satisfy the 
following formulas: 

P- iX\A) B T\P^ (A) , {X\A) B T\P- {A) , 



\«<A ) aeA VaSA / aSA 

. 2 ) 

\oCA / 
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SB 

where A is en index set, 
li Ac B then 

P"(/4)cP"(S) <i»wi P+(B)c 

The reader may easily verify that. 

(t) to QVfry closed F C X 

(ii) to every open U Q X 

(3.3) P- (U) = {t : P{t) r\U^%)^{t: dP{t) r\U^9) 
and 

(iit) to P (f) = where p : T X, we haw 2 

P- (A) » (F) » p-‘ (A ) . 

For a multifunction P ; T ^ N (X) by the image of a set A c T 
we mean a set 

For a giveo u : X F by w (F) » w o F we denote the compose 
multifunction given hy 

Notice t>»*t 

(3.4) i<^{P)r{A)^P-(u-^{A)), 
(w{P)f(A)^P^{w-^{A}) 

and 



(n.(P))(X)»u(F(A)), 




CHAPTER 4 



Upper and lower aemicoutinnous mnltifunctions 

1. General properttos 

Let T, X and Y be topological spacea. Wc be gin with the following: 

Dbpikition 12. A nvdtxfMnctivn P : T ^ N (X) u aoxd to be 
(L) tipper aemtanUtratous (iLS.c.) oi tf, tff tc ia an mterior point 
in P* (V) /or everp open Y aveh rtnl to € P+ (V).' 

(2) iouer ^emtamlrnttoue (i.a.c.) at tff tt ta an interior point tn 
P“{V) /or every open V aach Wot to € P“(V'),* 

(3) contimtous at to if it ia hot/t t.a.e. and tLa.c. oi tf,. 

Lower and upper semiconticuity can be characterised in terms 
of generalised sequences. Namely wc have the toUowlng: 

PnoPOSmON 20. Consider a mtiliitdtied mapping P : T ^ 
iV(X). Then 

(L) P ta La.c. oi to iff far every Zo € P (to) and each generaitaed 
aefuence t^ to one can pid: up € P{t^ >ncK (hat 
t^^x\ 

(2) if P ta U.S.C. at to then /or every net (to>Za) € grP such Wot 
(ttt.io) — • (to>a:o) one haa (to,Zc) € grP. IfTia compact 
then both conditione are eqvttoient 

Pkoop. (1)^ 

Take an arbiOary Zo € P (to) and any t^ to. Choose a parUalfy 
ordered family of open neighbourhoods of xo such (hat c 

Vg iat $ y Q and f\ Vg ~ {zo) By tbo La.c. at to there is an 

interior pewt in P~[Vg). Hence there are open Ug such that to € 
Ug C P~ {Vg ) . Thus for ovnry t € wc have P (t) H ^ 8 . But 
to — • (q, so for every ^ € A there is a (^} with the property that for 
^ ^ ^ € Ug. V>t may assume that a (^) is an increasing 

function. Hence for a ^ a (^) there is P (fa)r*iV^ ^ 0. Choose arbitrary 
€ ^(to) n Vtf for a > o (^) and a for J V One can 
easily observe that Xa — ' zo is the required sequence. 
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(!)-« 

Tb & coQtrary assume tbal P ii oot ia.c. at Therefore tbcfc ii 
an open V vith P(to) C\V such that to ii not an interior point in 
P~ (V) . Thus we may a generalised sequence 

c T\p- (y) ^ p* (X\V) 

such that to — ' to. Thte 2o € P (to) H V and seket tor every o € A 
such Xa^P (to) C {X\V) that Xg, xt- Then eo € what is a 
comradictioci with the choice of eo. 

( 2 )«. 

Let {(to, *o)}aeA C ^ “ arbitrary net converging to (to,Ec) . 
We need to show that (to, xo) € ^ ^ contrary that 

(to, *o) f Thus xt i P (to). Since P (to) is closed, then there 
exists an open V' ^ eq such that P (to) n F s 0 or, equivalently, to € 
P* (X\V) . But P^ (-^\^ is open. Thcrckirc there exiata Qo € A 
such that for a V 00 we have U ^ P* (X\V) and Xa ^ V. Ucncc 
€ P (to) C X\V, a contradiction. 

( 2 )^ 

Tb a contrary that P is not u.s.c. at t^. Tbcrelbrc there is 

an open V 2 ) P (to) such that to not an interior point in P* (V) . 
Thus W2 may find c (^) = P' iX\V) and t^ — . to. 

Choose {2a)agA ^ ^ (^\^) ' compactncss we may extract a 

conver ging sutmet, say £3 Xo> and thus 

(4.1) Eo € X\V. 

Therefore (to,£a) € grP and {ta.Xa) — (to,»o}> Hence (to.xo) € 
grP, i.e. xo € P(to) C V, a contradiction with (41). □ 

R£MAKK 5. IfT ia o aepoiohle metric space then tn the above ptxipo- 
sthem we con replace ^enerahred ae^eneta by aegwniea. 

Definition 13. A multaftmction P : T ^ N {X) ia tt.a.e. (l.s.c,) 
in D C T tt ts u.s.c. (I.S.C.) at any t € D. J/ D s T then we aay 
that P ta U.S.C. (f.s.c.) . 

Before wc present some examples of l.s.c. and l.a.c. mappings wc 
shall 0ve some useful characteriaaiions of upper and lower scmiconti- 
nuity. 

Proposition 21, Per a mvitt/uneticn P i T — .^(Jt) the fob 
iowimi condihoru are efutvoient; 
i. P *s «.i.c.i 

II, for every open V qX aet P* (V') ts open in T; 

III, , pyr every cloaed F C X the aet P~ (F) ia cioaed in T; 
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ei 



tv. each D <zX an tnclitaan d {P~ (i>)) C P~ (dD) is soitsficd; 

V for i> c ^ an tnciwion P'* (/nii>) c /ntP’ (i>) hdds. 

Pkoof. t. tt. 

Fix open V Q X And take to € So (q ii &n interior point. 

But (ben P* (V) is open; 
tt. ttt. 

If r C X is closed then P~ [F) = T\P* [X\F) a closed as well; 
ttt, tv. 

Since P~ {dD) is dosed and P~ (D) c P~ (d£») then tv, is true; 
tv. V. 

It can be concluded from a sequel 

P* {IntD) « P* {X\d {X\D )) » TXP' {d {X\D)) c 
C T\d {P- (:?\i>)) » T\d {T\P* (D)) » IntP* (D) . 

V t. 

Since for any open V we have 

P^{V)^P* (IntV) c IntP* (D) , 

then each to € P** (V) is an interior point. G 

Similar^ we can prove the following characterisation. 

PnoPOSmON 22, For a maJtxfvnction P : T — (Jt) the fol- 
lowing conditions art egidvaient: 

\ Ptsf,s.e,,* 

tt, for every open V q X the set P~ (V) is open in T; 

ttt, for every dosed F <Z X the set P* (F) is dosed trj T; 

tv. for each D C X an tndusion d (P* (D)) C P* (dD) holds; 

V for each £? c ^ on mclnsion P~ {JntD) c !ntP~ (D) holds. 

Remakk 6. We shovld also notice that 

(1) P T ^ N{X) ts is.c. iff dP : T ^ d{X) ts is.e.. ft 
follows from the fact that for evet^ open V we ^ve 

p-(tr)»(dP}’(C^). 

(2) A oerifioation m tnett^ spaces (,^>d) that a given muliifvnc- 

Hon P : T N (Jf ) ts l.s.e. can be reduced to a cAedan^ 

that P~ {B (a, r)) ts open for evei^ ^ (*> f‘^ 

lows from the fact that every open set m X w tmton of open 
bails and formula (3J). 

Proposition 23. Let P :T ^ N {X) be a muliifunetson. Then 
P is f.SvC. at to Iff f^ 2o € P (to) and every t^ (o Iftere exwt 
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P (to) stich Ouit Zo Zq, JfTu sepottJile th«n the «om< holds 
for oovniobU segttenees. 

Proof. Fix xq ^ P (to) acd to. Cboc«e 6 dccrcasicg faro- 

00 

Uy of open «is such that tbc sets 

s P~V^ form a dccrcasmg family of open ndgbbourhoodi of to. 
For every n € N there cansts m, such that for o ^ a, wo have 
i.e, P(4) n ^ ft. We may assume that a, i cej ^ ... ^ a, ^ .... 
Siclcct dements € P((a) ri tor a, ^ o ^ easily 

check that x» — xq, what shows our cimm. O 

Proposition 24 Ut P :T — d (Jf ) be on u.s.c. muitvhrictum. 
Then tte gmph grP s {{t,x) : x ^ ^(<)) *» dosed inT xX. 

Proof. Let {{t«, x«))^g 4 C grP be an arbitrary generalised se- 
quence converging to (t, x) .We need to show that (2>x) ^ grP. Tb a 
contrary that (t, x) $ grP. Thus x^P (t), Smee P (t) is closed, 

then there exists an open V ^ x such <ha» P s ft or, equivalently, 
t € P’' (-^\^) But P+ {X\V) and V are open. Therefore, there «- 
ists CEO € A that for CE t Qe we have !« € V and € P* {X\y ) . 
Thus for CE i oo at tbe time is x^ € P{t«) C X\V and x« € V, 
a contradiction. G 

Having charaeicriaed u.s.c. i.s.c. we can present some their 
iliustrations. 

Proposition 25. fxiivn afamtiy {pa)ocA tc^nttnuous /unetions 
from T into a Banoch apaoe X, Then a tr^H^ction P : T d (A!) 
ijtvm 6|/ 

P(t)»d{ft,{f):a€A} 

IS I.S.C. . 

Proof. The conclusion follows from an observation that for ar- 
bitrary dosed set F c ^ the counter image P* (F) » OPo* (^} ^ 

O 

closed, G 

EXAUPLS 6. (1) A mtiitifunction P, ; T — (X) given bg 

A(f) ~ {p(2)) and u.s.e. tffpts oontinuotts; 

(2) A muitifvnction ^ : T doo (A) ^t«n 6$ 

f { 1 } for t <0 
Piit)^l {-!) for t>0 
[ (- 1 , 1 ] for t »0 

is u.i.e. 6ul not l.s.e.; 
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(3) A mtiitxfvncticn ^ (A) ^ven 6|/ 

a„l_ / l-lil] M 
^*^"1 {0) /«■ 
u l.i.c. nof u,«.c.,' 

(4) Assume that Z c Y t» a ccmpact set and f : T x V — X 
is ccmMnucu, T^<n muAt/uncfton P4 ; T — ' cj [X) given by 
P4 (() s f(t.Z) is iLS.e. and may not be 

(5) Let ^ ({) = [o (r) , b (()] , uAen? a, 6 : 7* — R are given. 7%en 
(a) ^ u u.i.c. iff a is U.A.C. and & ul.i.c.; 

^ u Ls.c. iffats Lsj:. and t> uu.a.c., 

(6) Let A (t) » B (0, r (t)) c , tuAere r ; T R is gwen. 
Then 

(a) ft u u^.c. iff T IS u.s.e.; 
fb} ft w Ls£. iff T IS l.s.e.. 

( 7 ) Let X be a Banach space and ft ; T X{X) be Iac. 
Then coPt • T — N {X) given by the farmaJa (c»ft) (<} = 
co(ft(f)) ts I.AC. as well. 

Proof. ExAmplc^ L.-4. Arc strAightforward Aod wc Icavc them as 
exercises. 

ExAmpk) 5. . 

OVgaorvi^ £or CAcb r we hAVC 

ft{t)C(r.«)}»/r((r.®)} 

AOd 

If P is u.s.c. then a * {(r, 00)) Acd & * {{~oo, r)) arc open. 

Let V' c P be open. Wc need to cheek that any to € Ps (V) is an 
Ulterior peont. Assume that ft (to) = (n{to) . 6 (to)] C V and take such 
a component (r, a) c V that [a(to) >&(t(i)) C equivalently, 

tt^F^ {(i“, s)) . But 

U^Pt {{r, s)) = c-» {(r, 00)) n {(-00, s)) 
is open and to € 1/ C ^ (V), what ends the proof; 
ryampU S6. . 

c tT>B for each r we have 

o-‘{(-oo,r))»{t:d(0<’‘}» 

- {t : ft (t) n (-«. r)^tl).Pf {{-00. r)) 
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aod 






Therefore, if P is l.s.c. then o~‘ { (r, co)} r)} are open. 

Let V c P be open. We need to check that Pf (V) is open. But 



Ml 



So 



Pf (V'} » 



- P{ Q (re, 









»yo-M(-eo,s.)) nr* {(%>»)) 



Ml 

is open, what ends tbc proof. 
rTampif 

. ii ii~a consequence from the sequel 

r-{(-oo,h))»{t:r(t)<h}» 

»{r Pe(f)cB(0,ft}}»P,’-{S(0,h)). 

, If for some open V and given to we have 

ft(to}»B(0,r(ti))cK 

thort , by compactness of tbc sphere, there is h > 0 aucb that 

B(0,f{to))CB(0,h)cV' 

Therefore 

U = Pt {B (0, h)) » {< : r (t) < ft) » r’* {{-oo. ft)) 
is open and 



Example 6b. 

. It followa from the formulas 



r-M(-«.ftl)»{t:f(l)<A)» 

» {t:Pe(t)CB(0,ft)|»Pj’-{B(0,ft)}. 

. Observe that 

Ps(t) n B{2r,o) ^ 0 ^ f (t) > 1*1 - A. 
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So tbcsct 

is opcc. Take ac arbitrary open set V and teprcscnt it as 

Mi 

Then the $et (V) ii open, because 

'r <‘') = 0 AT (fl (^. “.)) = 0 • 

Example 7. We shall ^>plv tbc PtopceiUoa 23. Fix to, tg ^ to 
andio € (a»F) (tc). One can find j,, ij, .,,,2, € P (fc) and A,, Aj A* € 

[0, 1] with S A* » 1 such that Jo » S Choose € P (ta) such 

«a| «a| 

that Ja.1* ^ 2o Then j* » J A*2a> € co{P(tft)) and — Jo. 

what completes the prc«t □ 

Upper and lower semicontinuous multivalued cnappings possess many 
nice properties and some of them arc presented below. 

Proposition 26. Cotiaxderl.».e. mtiitifunctions P* ; T ^ N{X) 
and continuous pn : T Xyi%s 0,1,2, ... and assume Oudw : X 
y and r : T (0, eo) arc continuous. Then fotmuias 

P(t)»r{OPo(t)+ft{«)» 

P(t)»r{i)Pa(t)+Pe{«)> 

P(t)sd{p,(0:n»0,l,2,.„) 

end 

u.(P}(t)»u;{P(t)) 

define new l.s.e. multiudued mappings. 

Aforeoticr, ifr:T (0, co) ts such u.s,c. fvnetxon that 

(4.2) 5 (O-PoU)'^ 5 (ft (»).’• {«))#« 

£Acn S u Lsj:. as uxiL 



Proof, a) Fix are € P (to) and t<, — to. Then 



ft 



1 



(ft " ft (ft)) € ^ (ft) , 



By the i.s.c. of Po there exist ^ Po(ft) such that Zg •— 
can casdy check that lo » »* (ft) ft + ft (ft) € P (ta) aad Xg 



zt. One 



ft: 
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b) l.s.c. of Q t^ows easily from ac ol:«ctvacion that 



Q-{U)^ 






C) 



^•0 M> 

of R can be concluded from an obsnrvttioti that 






=rf|0^w} 



whcreft,(t)a (p„(f)). 

d) La .e. ot<jf {P) follows from the fact that (u (P})~ {U}~P- (w* (t^)) ; 

e) gjially to see the t.a.c. of S notice that by e) it is enough to 

assume that po{t) Fix 3 (to) and ta — ' ia- Then xo € Pa (to) 
and I Sol < r (to) • ^ a such that |^ol < o < r (to) and € Po (to) 
such that Xa xa. These exists oo such that |So| < a < **(<0) for 
o i 00. Therefore for a t 'W) have Xa ^ S (t*) , □ 



Example 7. We have ahatvn that S (riven 69 ( 39 ) ie t.s.c.. 7^ 
houiet«r may not be true t/iiie repioce open baU 69 the closed one. For 
t € [0>1] denote by P{t) the artU centered at (t>0) and radttis r s t. 
OMoualy t P (t) ts ccmfinuctis and 

PionEUoo) i\-l 

i^(f)nHl(0.0 ),lj-| {(0,0 ), (2,0)) i/ t»i 

Therefore the mapping I P (t)TiB((0, 0} ; 1) ts not Ls.e. {but u.ax .) . 



2. Upper anH lower semJcootlniiJty in metrizable spaces 

If (X>d) is ametraablc space then tha ia.e. and u.s.c. can be 
expressed in metric terms. Recall that for any A,B € N (X) wc denote 
by 

<*)(AP)»9upd(a.B) 

and by dn (/4, fi) the Hausdorff distance 

ds(A, B) » max {ds [A B) ,do{B. A)) . 

Proposition 27. Consider a mtdfitdtied mapping P : T ^ 
cf(X), Then 

(1) P ta La.c. at taiff ita d^ {P (<a) , P (t)) = 0. 

( 
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(2) If P V U.6.C. to then Urn dc [P (t) , P (to)) = 0, For a com- 

»— »B 

pact {X,d) beUi conditions art 

(3) IfP : T h (X) u continuous at to £/ien lim dn {P (t) , P (to)} = 
0. For a compact (X, S) botA condittons art eqvttioient. 

Proof, (i) ^ . 

Take Artetrary xi, ^ P (to) acid any £ > 0. Coo^dfif tbe set V s 
P~ {B (^oi f)) observe V is open and to € V. By l.s.c. at to 
fot t € V* we have 

d{xt,P{t))<d{Xi„Pit){^B{x^,€))<s. 

Hcocc 

do(/»(to),i»(t))» «up d{xt,P[tt))<f 

•o«P{WJ 

aod this shows that 



Tb a contrary assume that lim <£) (P (to) > P (t)) s 0 but P is tiot 

Ls.c. at to- Tbcrelbrc there is an open V such that P (to) n V fl and 
to IS not an interior in P~ (V) . Thus wc may find a generalised 
sequenee 

M.tACT\P-{V)^P*lX\V) 

sueb that Take j^o € P (^) V and choose for every q € A 

sueb lo € P(ta) C (A:\V) that d {lo, P (t«)} » d (to>2«) . Then 

d (®o>2«) » d (*o, P (t^)) < do (P(to) . P (to)) > 

what in turn that, But then xd € X\K what is a 

contradiction with the choice of £o> 

( 2 ) 

Take any f > 0 and let V' » ; d[Xy P (to)) < £}. Then P’’ (V) is 

open and to € P** (V) . Hence there is an open V sueh that Q 

P* (V) , Thus for every f € we have P (t) c V and therefore 

do (P{l) > P (to)) » sup d (r, P (to)} < supd (r, P (to)) < e. 

•cP(») •e'' 



The latter shows that lim do (P (t) , P (to)} s 0. 

Tb a contrary assume that lim <£) (P (t) , P (to)) s 0 but P is not 

O.S.C. a to' Therefore there is an open V ^ P (to) such that ij ciot 
an interior point in P^ (V) . Thus wc may find C T\F* (V') = 
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P-{X\V) witi . to. Cbooso C P {X\V) . By 

compactocs we may that zq a&d then 

(4.3) ®o € )C\V. 

Observe that 

d{x^,pm<MP{u)>pm. 

The latter i>n pliwg that 

(*o> P(to}) » limd (z«, P(to)} < (P (t) , P (ta)} » 0 

and hence xo^ P (to) C V, a contradiction with (4.3), 

(3) It IS an easy consequence of (1) and 2. The notions of I.sj:. 
and U.S.C. can ako be characterised in terms of sequences or generalised 
sequences. G 

Let (A, d) be a metric space. 

Proposition 28, For a maiitxftinction P : T — N(X) the fol- 
lowing conditions art egidvaient: 
t P is I.S.C.; 

tt, the mapping t d {x, P (t)) is u.s.c. tor every x. 

Proof, t. ^ tt. 

Take arbitrary (to, xo) and to to. We have to show that condi- 
tion d (*o> P (^o)) — tt unplie that o < d (loi P (^a)} < 

Fix f > 0 and let z € P (to) ^ an element 

d (so, J) < d (so, P (to)) + f . 

By the /.s .c. there exist € P (to) such that Xg ^ s. Then 
d (So , P (to)) < d (So, Xg) < d (T, Xg) + d (s o, P (to)) + e. 
Passing to the limit with a and t 0 we obtain 

tt < d (So, P (to)) , 

what was to be prewed. 
tt, t. 

Take arbitrary (to, zo) € grP and let to ^ to. Then 
bmsupd (So, P (to)) < d (So, P (to)) » 0 

and hence 

limd(so,P(to))»0. 

Therefore, for every integer k>l there exists os such that for a ^ os 




2 V?PElPl AND LOWER 3EUIC0NT1NIOTY IN M&TRIZABLE SPACES 66 



Wc may assume that 

0:i i C*s ^ ^ 0* i ^ ... 

There cast € P{ia) such that d {xt, x^) < J. 

Dcfiac Xa € by taking Xa = iajfor ai) ^ a ^ Then 

d{xt,Xa) < £ for ^ a K 0’i+i> what t>»at X(|. This 
compktes the prool G 

In a amilar way wc can prove the following: 

Proposition 29. For a mato/umifion P : T — ^ (A) the foh 
lowing conditions art eqidvaient: 
t PisUvS.c.; 

tt. the mapping t d [x,P{t)) la l.s.c. for every x ^ X, 

Wc leave the proof for the reader. 

A special case of multivalued mapinngs establish muJtif unctions 
having the values in IP[T,X) . The examinations of such mapping can 
be sometimes reduced to the case of p s l. For this purpose wc use so 
called Masut transformation 

w^ :l/{T,X) — L^ (T,X) 

given by 

( 4 . 4 , 

where 

i*i = . 

The Maauf transformation is continuous and surjective. It also estab- 
bsha the following relation: 

Proposition 30. Let S be a lopologiaU space. Consider o mapping 
P:S —N(I/{T,X)) ondUtWf(P):3^ !>L{L^{T,X)) be given 
by 

u,{P}{s)^u,{P{i)}. 

Then we have the chattictensaitons: 

t. P IS u.s.c, : S ^ is U.S.C.; 

tt. P is f.s.c. iff dL> (P) : 5 — Af (L*) b l.s.c,. 

Wc leave the proof as an exercise. 
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3. Upper and Icpwer semiconCinuity In Banacb spaces 

Upper and lower sctaicoatiduity in a reflexive Banach apace X can 
fll'B/i be characterised in terms of tbc support functions. 

For given P : T — • jV (X) the support function of each P (f) wc 
ghall denote 

ep{t,r*)»sup{<r*,*):®€P(0}. 

Wc be gin with tbc following 

Proposition 3l. LetP :T — 6 (X) be an u.s.c. mapping. Then 
the support fvnetxon cp ^ T x. B‘ — • 7? ts u.s.c. the gtron^ 

lopotc^ in B’. Moreover, for P : T oc{Z) , where Z € cc(X), 
the function cp is u.s.e. witfun the weaJf lopologp tn B". And vice 
uersa. tf for P : T ce(Z) , where Z € cc(^) i support functxon 
Cp :T y B‘ —• R is v.r.e. u«th«n the weaif topology m fi* then P ts 
U.S.C.. 

Proof. For the first part it is sufficient to show that whenever 
t<, — to, x% — lo stronglg and cp (fa, sj) — ' -> 

then 

(4.5) T <Cp(to>2c). 

For any r > 0 consider set V » {x : d (x, P(to)) < observe that 

it is open and bounded. Then 

dM{V,P{ti,))<S 

and thus, by the inequality (1.7), 

jcp(fo,*o}-Cv(a:a)| <£■ 

Notice that to is an interior pc^ in P* (V) and hence tor "sufficiently 
large we have f® € P* (V) , Le. 

p{u) c y. 

Thus 

Cp (fa. *:) < cv {*:) < cv (^i) + iv'i \K - 411 < 

<cj»(fs,x5) + |V| ||xS-xS|| + s, 
where |V| ssup{| 2 | : x ^V) . Hence 

‘r<cp{t.x‘)+s. 

But f > 0 was arbitrarily chosen. So pasang to the limit with s — 0 
we get (4.5), 
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For the second part assume that 

(a — * fci K— ^0 o'etMiT and cp (l«, <) — ► 7, 

Take Xa € P (t<») C 2 such that 

C^(to,2*)s «,*«}. 

By compactness wc may that £0 £0. Hence 

(£*,Eo)»7<«p(f(). ®o)' 

Fbr the third stalemcni that cp is tcs.c. We need to 

verify that lor every (f«, j*) € $rP such that (ia, £*) — ' (io, ®o) 00c 
has (to> 3T(i) € iJvP. Tb a cocQaiy rhat it can be found a net 

(ta, la) € ffrP converging to (ia, £o) $ S^P But tbc“ xd f P (fe) and 
by the separation theorem we can select £* € B’ such that 

{£*,£o) > Cp(t0,®'}. 

Thus, for "sufficiently large o:", we havo 

<£*,£a) > ep(t,,£'), 

what means rhat ^ P (to}> Equivalently, (ta, x^) ^ grP, a conOa- 
diction. G 

In a ^milar way nc ghall prove 

PhOPOSmON 32. Let P :T ^ et>(X) be an ics.c. mapping and 
fis ty, t(|. Then the tnciusum 

Qc/a>|Qp(o|cciP(to} 

*•1 [»M* ) 

holds. 

Proof. Fix any x* € B*, « > 0 and take 

V,»{£:(x*,x)<cp(tc,x*)+s). 

One can casdy notice that. Vt is open and convex. Apply the u.s,c. to 
t such that tor ai^ n > i we have 

Cp(f„,x*) < cp(to,£*)+r 

Therefore for n > k we inclusions 

P{U)QK- 

Thus 



Pi eJeo I U P (t,) I c dV. c {£ : <x“, X) < C;, (t, x“) + e) 

k»t \n»k J 
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aod pasaicLg to tbc limit with e 0 wo get 

CC { CC \ 

Pi I U P(t,) [ C dV. c {I : I) < c;, (i, O) 

tal [r^k J 

But z* € was arbitrarily cbosea, so wo get the desired inclusion. 

□ 



For ^r.e, mapping we have tbc follow ing 

Proposition 33, Ut P :T ^b{X) be on La. c. mapping. TTien 
ihe support fvnetion cp'.TxB“ — ' R is l.a. c. iinthtn the waJf iopologg 
in B", j4nd «ee versa, if ihe rtipporf function of P •. T — ' cc(K) , 
when? K € cc(,V) , is Lt.e. then P ia is.c.. 

Proof. For tbc first part it is sufficient to show that wbenever 
(t., K) — • {*0, »o} “d {ta. j;) — . -j then 

(4.6) 7 > CP (to, 2c). 

Take any point xt ^ P (tc) and choose a net € B (to) such that 
Xa — 2c. Then 

and hence 

7 > {®o> ®o) < 

But 2 q € B (tc) was artetrarily ebosen, so 

7 >8up{(*J»®) : ®€P{to)) *Cp(to,2j), 

Fbr tbc oppontc statement that P : T — cc (K) is 

not ia.c. at a point to- By definition it that that there is an open 

V sucb that to € P~ (V) IS not an interior pcent in P~ (V) . Ucncc one 
can find a net ' to such that $ P~ (V) , iA P (ta) ri V' » 0, 
while P (to)nV ^ 0. Take xa^P (tc)riV', Then there exists r > 0 such 
that B (zc, r) C V and thus P (to) t\ B (zo, r) s 0, By the separation 
theorem for each a there exists 2* € B* with ||2* || = 1 such that 

Cp (fa. X’J 5 iK- ® 0 > - 

Wtbout loss of generality we may that is weakly* convergent 

to 25, Then 

cp(f9,*o) < bttiinfc^(to>2;)< {xJ,so) -♦“> 
what that 2c ^ B (to) , a contradiction. G 
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4. MIchAdI aelectioQ theorem 

Wc AFpgoin g to discuis the cotitinuoui selection property for a lower 
scmicontinuous multifunction with closed, convex values and some n's 
consequences. In thig section T stands for a paracompact Hausdorff 
topolo^cal space. As we have seen in the Propotition 2S for an ar- 
bitrary family cif continuous functions from T into a Banach 

space X the multifunction P : T d (X) 0ven by 

P(t}»cf{p,{0:a€A} 

is Lt.e. Obviously each pa is a continuous selection of P. FVoca the 
other harH there are continuous multifunctions which do not poscas a 
continuous selection property. 

Example 8. letT <z hetiie eloatd unit ball. Coimder a mufti- 
valued P : T ol(r} gwenfort s (rcos/>t,raifi^,) 

P(t) s {(cosvJ.sinv?); jv3+vJ,| <ff(l-r)}. 

Then P is contxnuous ^u^ it has no conhnuous seUetton. 

Proof. Obviously P is continuous, since it is l.s.c. and u.s.c. (It 
IS even lipschits continuous with constant ir), Vib «hall show that it 
poscas no continuous selection property. Assume to a contrary that 
p T T is a continuous selection of P. Hence |p ({)| s l tor 
every r € P. By the Sehaudet Tbeorem the mapping p has a fixed 
point to ^ therefore |to| » lp(ts)| - 1- Hcnca to ~ p(to) » -'to, a 
contradiction. G 

Theorem 19 (Michael [157]). Assume Iftat P : T ^ dao (X) ts 
a l.s.e. mofti/unchem. Then P admits o continuous seiectxon. 

Proof. The proof goes in three ste^. In step 1 wc will construct, 
for aj^ ^ven r > 0, an c - approamate continuous selection p : T 
X such that 

d(p(t),P{t))<e 

or equivalently 

Then by the EixampJc 6,7 the multifunction R : T co (X) is l.s,c,. 

In step II we construct two scqucaccs: of continuous functions p„ : 
T X, n s 1,2, ... andl.s.c. multifimctions 

P„;r— .dco(X), n»0,l,2,... 



having tor tor every t € T the tbllowing properties: 
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aod 

6)P«.(0cP.(t)CP(0. 

In 8(£p 111 we show that p«i s p locally uniformly and thus p is 
the rci^uirod selection. 

St^ I: Given f > 0. to € 7* and xo € P (to) and consider sets 
M,^»p-B(so>«)»{t€r:P(t}nS(j5,e)^0}. 

By the t.s.c. the fi*inily 

is an open cowneg of the paracompact space T. Tbetefotc there exists 
a locally finite continuous partition of unity {zo)oeA subordinated to 
{^‘o^}toer.^c 2 r*> This means that: 

a) ail Sa : 7* / arc continuous; 

b) tor cvcfy t € T the set A (t) s {a € A : (t) > 0} is finite and 

oeAttj 

c) for given o € A there exist € A and Xa ^ P (^) such that 

(4.7) s;‘({0,lI)CV'^^. 

Notice thftt (4.7) in particular means that if Sa (t) > 0 then 

Denote 

?(«)* ^ Sa{f)^a 

and observe that p is continuous, since {Sq}^^ is a locally finite 
and continuous partition of unity. Wc «Ka}l show that it is a re- 
quired apprccojnatc selection. Fix t and let A(t) = {o:i,.,.,Qo)} . Then 

t i n wh^, in turn, thai 

m 

%mX 

nt>d for X s we hnve 

F(t)nB(x«,.#)^e. 

Pick y, € P(«)nB( 2 ra,,£) and tak y = £^{t)Va, Then by the 
convooty y < P (t) . VJc shnll cfceck that 

|y-p(t)|<£. 
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Indcod> it follows from rcUtioDS 
\v-p{t)\^ 






m 









«a| tal 

what cods Sup I. 

Sup II: Tbc construction goes hy tbc induction atgumcm. 

For n s 0 put /b (t) » P (t) . 

By the 9t«p I with ^ - p there le a continuous pi : T X such 
that d (pi (r) , Po (0) < p Tbec> the Example 6, the nmltifimcUon 
Pi:T—doo{X) given by 

p,(') = rf{p.(')fis(p.W.^)} 

ia Ltj:. 

Assume that we have already constructed continuous : 

T — • X and l.a.c. multifunctions f% P^, ; T — ' dc»(X) such 

that for every t€T and for ib s 0 , 1 ,..., n — 1 one has 



and 

Setting 






P,_i («)CP-8 Cil(0« 



P. (() = d <0 n B (p. (1) , 1) I 

we obtain a l.a.c. multifunction. By the alep / for e s there exists 
a continuous pnti ' T X such that 

B(() = p.(i)nfl(p„,(t),^) 

is a I.S.C. multifunction with nonempty convex values. Thke 

p„, (I) = <J |p. (I) n fl (1) . jii) } 

and observe that Pn^i : T — cfco(A!} is La.c. . One can easily check 
that 



and 



P-ti{«) CP.(t)C ... CP)(t} 

1 



d[p^Ut),P.{t))< 



2^1' 



what ends the induction step. 
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Step III : Wcsh^ show ;)n S p p IS tbc rcquutd seko- 
tioQ. Fot any integers n > 0 and n > 1 we have P«+k-i (t) C /5» (t) 
aod hence 

(IW. (>) , P. (1)) (1)) < 



Thcrefort 



\P^k[t) - p. (t)| < d (P,,* (0 , P, it)) + d (fr (t) , p, (0) < 

- ~ 2 ^’ 

what shows that scc^ucnce {pn}Mi ^ continuous ftinclions satisfice the 
uniform Cauci^ condition. Thus there is a continuous p such that 
pB 3 p. Such p la the required selection sincc> by (8), we have 

d{p{t),p (0) » O. (0 > ft (0) » 0- 

This cocaplctcs the proof. G 



Remark 7. a) Mtuaily the Michael Selection Theorem soya more 
then we ^aue presented. Original Michael's formnioiton is the foUotv- 
mf/: 



Theorem 20. A Haasdorff topological space is paraeompacl if asid 
aniy tf every separable Banach space X possess the p ro p er t y that any 
Ls.e. muUifunctson P : T deoX admits a continuou seiectxon. 

We have ated its formulation onlg from the histonoal point of vtew, 
sines for ovr purpose just given version is sufficient. Also m many 
apptkathms it is used the version as presented. 

b) In the above proof we did not take any advantage of the separa- 
bility of X. So t^e Michod Selection Theorem holds also for ar^trary 
Banach space. 

The previous result gives ol'afi an answer on a question bow tnany 
continuous selections posses a Ls.c. multifunctKm that P : T 
dco(X). Especially whether tor given to € T a Ls.c. multifunction 
that P : T ctco(.V) admits a continuous selection asumming a 
prescribed value xt € P(to}' 

Proposition 34. Consider a l.s.c. muAi/wtehanP : T ^ c^ea(X) 
and let To C T 6e a cjtven closed subset. Then each continuous aelee~ 
tion p : To X of P restricted to To can be extended to a &mhnuous 
selection of P on the whole T. 7n ^arrhetdar, for any cjiven to € T and 
£o € P(to)> there exists a omttnwous selection p^j^ of P such that 
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Proof. Consider n mapping Pq : T dco(X) given by 




{?(«))> 

P{t) 



for t€T9, \ 
for To. / 



nod observe that is ta.e.. Tbetefote it admiU n comimious selec- 
tion and it can be ea^y notKcd that this is a required function. In 
p&rticular taking To = {(o) we can extend (to) s 2 ^ ^ P (to) to a 
cominuous selection of P. G 



Theorem 21. Let P xT — dco{X) he a (riven muittytmeium. 
Then P u Ls.c. £/iere estet conimuous pa '■ T X euch £/iot for 
every t^T 

(4.8) P(t)»£^K(t):o€ A), 

Ad^txonaity, if both T and X art 4eporable then we may aeevsne the 
repreeeniatwn 4.8 is countable. 



Proof. By the Corollary 34 for any is.e. mapping P : T ^ 
c^co(X) we have 

P(t) » (f) : to € T, 2o € P(to)) > 

what gives (4.8), On the othex hand> if (4.8) holds then by the Propo- 
sition 2S yi^ the is.e. of P. 

A countable representation for separable T and X can be con- 
structed in the following way. Let be a dense sulset in X. Fbr 

every n s l, 2, ... consider open sets 

Km = P-B (i„, j) = {l ^ Pm ^ B (*.. s) ®} • 

By the choice of we have 

T= U V .,.. 

• ,*•1 

But in a metrisablc space ai^ open set can be decomposed into a 
countable union of closed sets. Therefore fbr every s 1,2, ... there 
exist closed m ~ 1>2, ... > that 



Km = 0 

Consider multifunctions 



(4.9) P„,i,,« 




d{Pit)nB{xa,i)) 

Pit) 



for t € P«,i,,« 
for t i P*,* „ 
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aod observe that each Pn,i,,A : T — dcoX a Thoclorc, by the 
Michael Select ton Tbeotem, it admits a conlmuous selection pnj>^ : 
T — X. Obviously each is a selection of P. We shall show 
that foe every t € T 

(4.10) P(t)sd ,*, 0 . (t) : n, A, m s 1, 2, ...} 

Denote the right-hand side of (4.9) hy A(t) . Since A(t) c i*(t) is 
straightibrivard we need to show that P(t) C A(t). Tb see this let 
us hx t € T, X € P(2) and Ir = 1,2>... . Chocae n in such way that 
X [xn, s) . Thent € Thus there exists m that i € Fn,a;,A 

and so X € (t) . Hence for the continuous selection we have 

-*.1 < g 

and therefore 

jfV*„(t)-x|< g. 

The latter nothing else t>»Ti d , R (t)) < |. But 1; was chosen 

artetrarily, ao it implies that x € (t) . By the of x we conclude 

that P (?) c ft(?) , what ends the pn^. □ 

The the Michael Selection Theorem have got some important 
consequences in the real analysis. 

COBOLLARy 5. Consider o, & : T ^ R wUH a < b such that ts 
U.S.C., while h - is.c.. Assume that for gwen closed subset To C T 
there ts a continuous c To satisfying, for t € To> the relation 

(4.11) 

Thenp can be eontinuousty extended on the whole T preserving (4-JJ)- 
In poftscular, for any ytven ?o € T and Xq € ^(to) there exists a 
eontsnuous seleeiton of P such that 

(to) » 2 a. 

Proof. It is a consei^ucnce of the Corollary 34 ^^plied for P (t) b 
[ a (t) , h{?)] since then ;>(?) € P(t) for t € To. G 

The Theorem 21 has a counterpart in the real analysis as well. 
Namely wc have 

Theorem 22. Leta,h\T Rhe ytwn mapping. Then; 
t a IS l.s.e. iS there are continuous a^ : T — • A, q € A, that for 
every t € T 

(4.12) o(t) «supa«(t), 

o^A 
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SwtiUuiy, 

tt. 6 u u.«.c. iff odmiU a repreMnUitxon 
(4.13) 

t«tA eontmuoM9 ha ■ T — ' a € A. Monover, for seporabU metric 

space (T, (j) one can tiiat re pr eaeniatxom (4-li) and (4.13) are 

eauntahle. 

Proof. Since a is v.s.c. iff -a is li.c. therefore wc esn deal only 
with the Lg.c case. Now our sUtctocnl is a translation of the the 
formula (4.8) to P(t) s (-oo>o(t)] . G 

In the the Michael Selection Theorem all assumptions are essential. 
The £jomple 8 shows that, in general, we can not get rid of the 
convexity, clodcdncss and tbs Le.c. assumptions. However, in certain 
situations we can prove the enstcnce of continuous selections with no 
closedncss or conveuty assumptions. 

Proposition 3S. Let P - T — dco{X) be a f.s.c. mato/tmefton 
arui assnme that we have ptvm continuous fvnctxons c : T — ' X and 
r T ^ R* such that for ewrp t € T the sel 

fi(t}»/>(t)nS(c(t),r(t))^e. 

Then R : T — ' co (Jf ) admtU a continuous adectxon. 

Proof. Using the Proposition 2G we may assume that 

c s 0 on^ r = 1 . 

Fix to € Tand £o € A(to) = P(to)nfl(0, 1). By the Corollary 21 the 
multifunction P admits such continuous selection p(o.«« that 

(to) » xa. 

Consider sets 

and observe is an open neighbourhood of t«. Moreover, hy 

the i.s.c., the family covering of the 

paracempaet space T. Theref^ th^ exists a locally finite continuous 
partition of umty subordinated to {K,ft)ueT^PM I>»otc 

by 

oCA 

We claim p is a required selection. Indeed, p is continuous selec- 
tion of P. since such are (t) and m locally finite and 

continuous partition of umty. Since easily |p (t^| < 1 then the proof is 
completed. G 




CHAPTER 5 



Measurable raultifunctions 

l. Dednitions and properties 

Let T be a act vith - field E of subsets of T and let X and Y 
be topolo^cal spaces. 

DeriKITION 14. A mvitxftinction P : T — N (X) ts said to 
be Z-meaghrabU {or simply meesxsroble) iff for every open U Q X 
the setP-{V) « S. 

Example A mulf^unction P (() = {p(t)) mth p : T X ts 
iff p is meoR»rQ6/e. 

Otber examples arc presented below. We give sococ eharaetcr- 
igations on tocasutablc muJUfunctions and their properties. We begm 
with certain equivalence eonditions, 

PhOPOSITION 36, 77ie follovitn^ ayndtHcns are e^tvnient.' 

(i) P : r N (X) is measvnbU; 

(i») for every dosed F <Z X the set P* {F) ^ S. 

// {X, d) ts o seporoble metric space then both conditxons are eqtitv- 
aient to: 

{iii) /or etierj open ball B (i, r) the set P~ {B {x, r)) 6 2. 

Proof. The equivalence (tt) and (ttt) can be concluded from tbc 
fact that in a separable metnsablc space any open set can be decom- 
posed into a countable union of dosed sets. The equivalence (i) and 
(iii) follows from (3.1) and the fact that m a a separable metric space 

any open c X can be represented in the form C/ » IJ B(«n, r„) . □ 

•■•I 

Remark 8. One can notxee that, by (S.S). a mvitifunctwn P : 
T — ' iV(X) M meosumMe xffP . T — ' d(X), pi«rj by7{t) = 
dP(t) > is measvroble. 

In a metrigable space (X>d) the mcasuratdity of a multivalued 
mapping can also be express m terms of the d. Namdy nn 

have. 



si 
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Proposition 37. A tmiltifhncixon P \ T — N (Jf) u 
iff it toiafie^ the following two condUtons: 

t mapping t <j(x, P(t)} u S — meoiuroUe for ailx ^ X; 
tt. the mopping x — ' d{x, P (t)) t» eontmuoM* for toery t € T. 

// S s £ £/ien eondtHon (ii) con be f(yrmaJoied as foltowi: 
tt'. the moppmg x — d ix, P ({)) te continwua for 4.& t € T, 

Proof. It follows from the Propoation 36 and an observation that 
for arbitrary r > 0 aod x ^ X one baa d(x,P(t)) < r t € 
P-{B{x,r)). O 

Measurable multifunciions form a teacher structure tben singks 
vaJued mappings, Bdow we present their some useful properties. 

Proposition 38. Leir -.T ^ il, p, : T — and ; T ^ 
N (X) be given mffmtmble mappings forn = 0, 1>2> ... and atevsne (hat 
w . X Y is oonttnuous. Then formuiaa 

P(t)^f]Pr.{t). 

mO 

C(0»d{^(f}:ns0,1.2. 

erui 

w(P)(t)^w{P(t)) 
define meaettrobU fntJhvalaaf mapping. 

Proof. The measurability of P and iQ is a consequence of (3.1) 
and (3.2), The measurability of C follows from the ol:«ervation that 

C(l) = d|Qft.(l)|, wher: = 

Finally, the measurability of w (P) follows from (3,4). G 

Now we arc gmng to the measurability property tor multi- 

functions aagtiming valucs m a Banach space X. 

Proposition 39. Gteen ar^tmry € X“\ {0} , f ; T — A, p : 
T X and meaevrable mapping P : T — N [X ) , Let us consider 
muit^nctions: 

P{t)^B(p(i).r(i)). 

ff,lt)^{x:(x\x)>r(()}, 
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H^{t}^{x:{x\x)<rit)) 

and 

HUt)^{:t:{x\x}^r(t)} 

Then each of the mappings Pytii, u meoMiroife iff r R 

is m«asurD^ie, iohiU Q tffp : T X is mea«tIm^ie 

Proof, a) The desired cquivaleoce for P aod r foilows from tbc 
Proposition 36 and an observation that 

P-iDu ; I*) " < »• (0 + ^} for aft Xi, 

P {B{a,p)}^<^ {t:r(t)>Q} for a^Xt ' 

Tbc mcasurat^ty of Q wc conclude from tbc Propention 37 applying 
an easy to derive formula 

d(s,Q(0)»d(i-p(t},P(0). 

b) It su&Jcs to sbow only the measurability of ffi, since for H 3 we 
proceed in the while the measurability of H 3 , and arc 

consequences of tbc relations 

and ff* (t) » J/j (<) n (<) . 

Take Ofta^X such that {*“, d> = 1 and denote V = (r : {x‘, r) < 0 } , 
It can bo easily checked that 

i/j(t)»-V + r(0o. 

If f is measurable then, by the case a), is as well. On the other 
Hani4 if IS measurable then for every g the set 

r» » {f ; VO € eftf. (0) » {t : d(va,cftf. (0) » 0} € £. 

But 

ri»{t:(f{«)-v)o€dV)»{t:r(t)<g), 
thus r is measurable, what ends tbc proof. G 

Example 10. A rnttUifunetton I (t) = [o(t) >b(t}| is measum^ie iff 
the end-point mappings o s o( } and t>s i(.) ore measitfiibU. 

Proof. Tbc measurability of a we deduce from a fact that 

o(t)<i«^Ur{{-oo,r)). 

Similarly for 6 we have 

b{t)>x-^ 



<€/’{{*> 00}). 
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It foUcnrs from tho Proposition 39 and an identity 

□ 

2. Moftsuiablo Mloctlons 

A toappmgp : T — • X is a sdccUonof P ; T if 

p(t) € P(l) for tvery i € T. 

If p is measurable (continuous) then we call it a measurable (continu- 
ousj acledioA of P. 

la the ease of a compact Hauadorf space T with a <r -< fitld C of 
Lobesgue measurable seta $vcn by a Radon measure t* by amcasurablo 
selection we also mean a mapping p : T — X that 

p(f) 6 P(t) for almost every {u,e.) t € T. 

The fundamental result in the theory belongs to Kuratowski and ftyll- 
Nardsewski [139] and we formulate it as follows: 

Theorem 23 (Kuratowski t RyU-Nardaewski), Assume that P : 
T — d (X) is 0 measurable mukifunetion. Then P admits a measur- 
able seledton. 

Proof. Conceptually tbc proof goes in a gimilaf way to that of tbc 
Michael Theorem and is done agai»» in three steps. While steps II and 
in arc almost identical, so step I contains simJac ideas but it is based 
on diferent arguments. 

Passing, if necessary, to an equivalent metric we taay that 

diameter 

i(X}»sup{d(*,v):a,p€X}<l. 

Step 1. for any given s > 0 we will find a measurable p : T — • X 
such that 

(a) R{t)^P{t)nB{p{t),e)ftt 

KtlA 

(b) multifunction R is measurable; 

Step 7. we construct tno sequences: of measurable functions p«i : 
T — • X measurable multifunctions Pn ; T — d (X) having for 

every 1 6 7* and n s l, 2, ... the following properties: 

(c) dM),P.{t))<^; 

and 

(0 P,^i{t)cP.(t)cP{t). 
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Step 3. we shaU ihow that sp p oc cures (4> be a required 
selection. 

Proof of step 1\ Lot be a dense subset in AT, Fix 0 < « < 1 

antTIe! 



Observe that tocasurability of P the seta T« € S. Moreover, hy tbc 
deoaiy of , there is 

07". = r, 

Ml 

Cooiidcr the ffvcn by: 

Ml 

At » Ti, A. » n\ [jAt forn>2. 

k^i 

Obviously qT^ uc disjouu mcasursbk sots with 

(5.1) 0 /U » r. 

Ml 

00 

Define P ^ ^ Xa 6>r the ehnrsctoristie functions 

Ml 

of A and observe that p is measurable, Tb see that (o) holds notice 
that, (5,1), Sot any t € T there is n such that t € C and then 
p(t) sfa.ThUB 

P{t)nB(p{t),t)y69. 

The property (5) we conclude from the rclatiofis 



» U {i € A, ;/> (f) n y n B (*,,£) «)» IJ /4,np- (S (*,, #))ncf. 

Mi Ml 

^vof of itep B: The construction goes by induction argument. 

For n s 0 fix £e € A!> take P,{t) s P (t) and put (() s xa. Then 
po is measurable and b, holds since 

Assume that we have already constructed, for & s 0, 1, .... n— 1, mea- 
surable p» and : T ^ d {X) such that for every l^T 







8S 
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aod 

P,.,(t)CP^8 (Oc... CPo(t). 

By the ^(ep /, Ibr e s there exisU measurable p^ ; T X such 
that 

IS a measurabJe multihmctioa with oonempty values. 

Consider P, (<) = P^, (r) n B (p„ (f) , and observe that P, ; 
T — d (X) is cocasurablc. One can easily check that 

P«(0 CP»-i (t)C ... C A(t) 

and 

what ends the induction step. 

Proo/ 0 / step S'. Wb shall show that 3 p and p occute to be 
the required selection. For inters n > 0 and k > 1 we have 
P,^ (t)CPn{«) and hence 

(5.2) i(^..(l),P,(I)) < 

Then 

(5.3) d (p,,* (t) ,p. (0) < d 0^ (t) , P, (<)) + d(p, (t) . P. it)) < 




what shows that the sequence {p^ )n»i ^ measurable functions satisfies 
the uniform Cauchy condition. Thoeforc there is a measurable p such 
that Pa 3 p. Such p is the required selection since, by (5.2) > we have 
the estimate 

□ 

The Kuratowski and RyltNardsewski Selection Theorem 23 [139) 
was published in 1965. Shortly after it had appeared a paptf by Cas- 
taing [42] which is complementary to the Theorem 23. On its basis 
hes the previously made in the Ptopemtion 38 obsctvaUon that for a 
sequence of measurable functions p^ : T X, n s the multi- 

function 



(5.4) 

is measurable. 



P (t) a cf {pa (f) : n a 1, 2, ...} 
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DeriNITION IS, of tnaisumhie fvnct\ons p„ : T — X, 

n = 1,2,,.. 9ueh that (B.i) hoUi ue call a CaiUun^ rtpmenUiiion of 
P:T^N{X). 

A situatiofi IQ tbe above dcfijiitioa cac be reverse. Namely, wc have 
the Ibllowmg cbaracUriaations of mcaaurabJe nmltihmclioas through 
measurable selections: 

TaeOhEM 24 A fWrt/uncMon P \ T ^ el {X) ts measuroAie iff 
it admxU a CasUitng rtprt*entoixon by o aovnuMe famxly ofmeagurabU 
seUctions 

p^:T — X, n»l, 2,,... 

Proof. In view of the Proposition 38 it is enough to demonstrate 

Let{Xfl)^i be a dense subset of AT, For every fc,n s 1,2, ... 
sets 

and observe that they are cocasurabJc and 

CC 

T= U T.,.. 

• ,*•1 

Consider multifunctions P^ : T el (X) given by 




P(t) 

ei(P(i)nB(x..i)j 



foe tiZ^k 
foe t€7*o 



and notiec that each Pnj, : T — d{X) is measurable. Therefore, 
by the Theorem 23, it admits a measurable selection p^j,. ftenumerat- 
ing we obtain a countable set of measurable functions which is a 
representation of P, whal has to be prewed. G 



3. Convex maasuiablo multifunctions 

3.1. A Banach spaca casa. The measurability of multifunctions 
in a Banach space X can also be examined with the use of support 
functions. Recall that hy the support function for any N (A!) it is 
ussusly meant the correspondence ■ X* PJl s A u {oci} 0vcn 

by 

Ca(i*)»sup{{i*,*):x€A), 

Our first observation is the following: 
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Theorem 2S. Le( P : T — • (X) be a meaeunMe muitivahied 

mapptng. Then the funetton Cp r T x X’ A U {o:>} given by 
Cp (ii J*) : x € •?(<}} ^ 2®6 - meaatiroWc. Moreover, 

(/ P t9 hcvndeti then cp ta Ltpsehtta in x“ and therefore 

S ® B- cocdsutable. 

Proof. The S ® B *> Tneaiurafriitty foUowa from the f&ct that tor 
a Castamg tcprcecoUlioci of 

dP(t) sd{p,{t):n* 1,2,..,) 

we have 

Cp (t, f ) » <;^p (t, **} » 8up { (®* , ft. («)» , 

Tb show the sccood part that P (>) is bouixlcd by measurable 

p{«) . Thee X’ cpityX^) IS Lipsdute for every t € T. □ 

The situaUon described m the above theorem can be reversed for 
P : T — dco(X) . Namely we have: 

Proposition 40, Suppose iftat X* is sepomWe and eoneider a mnl~ 
iifunction P : T dco (Jf ) . If £/te aupport funetton 

cp((,x‘)tTxX’ — Au{oo) 

is S ® B meojuT^ohie then P is meosvmMe. 

Proof. Thke a dense subset C B*. Denote by c^(t) = 

Cp (t, x^) and obsave that by (1,8) we have 

P{<)«P{i:(r;,r)<e.(t}}, 

ml 

But all On : T Au {co} arc measurable. Hence P is measurable as 
well. □ 

Remark 9. l/eing the support fitnctxon argument toe con aiao ex- 
plain meosurohihtp of muittvoJued nuxpptnga const derai m Pvoposttton 
S9 and the Example 10. 

(o) ,9mee 

P (0 s B (xo,p(t)) » Ja + B (0, p(0) 

so for a purpoae of the Proposition 39 we may assume that Xt = 0. 
Then the required eguivaience is o eonseTuenoe of a formuia cp (tyX*) = 




3. CONVEX UEASUftABLE UUmPUNCTlONS 



(li) The oonebtg%ons in th« Eiample JO folbiM fivm an eo^y to 
derive /ormitio tfiai for I (t) = [a (t) , 6 (t)| ti« hove 

/ori“>0 
/or i-<0 . 

0 /or J* a 0 

3.2. An COM. Fot measurable multifunctiocisP : T 
the existence of measurable sclcdioAS can also be obtamed by an use <£ 
cxtrctoal selections, i.e. sclccUcms of tbc profile txtP (t) . For this pur- 
pose wc lake an advant^ of tbc Theorem 4. For given orthonor- 
mal ba^ f € S and every i € T denote by e{t,£) the lexicographical 
mavimnm of P (t) . 

TaeOREM 26 (Olech [171]). ibr on# orUtonormai ba*U £ the 
fwetien e{ty£) is o meosvrQfrle eeledton of P. Moreover 

(5.5) P{t)^f]{x:x<e{t.£):£€E\ 

I « ) 



eitP(t}s{e{t,£) :£€»}. 

Proof. We just need to demonstrate, for every given baas £ = 
{eiiO], a^) , tbc measurability of e (t, £) . Consider the multifunctions 

P.(t)»{ar6P(t):<a,,i)«Cpi.)(a,)| 

and, inductively, for i s l, ... 

Pm (0 » {j € Pi (t ) : (a^i, x) » cp^ty (at,,)} 

Then each P« is, by the Proportion 39, measurable. Motccami 

dimP< (f) < f — ». 

Therefore 

Him P (t) s 0, 

what means Pn (t) reduces to just one point. One can easJy verify 
that 

PK<)»{e(t,£)), 

what yields tbc measurability of e (t, £) . G 



The profile of a convex set may not be closed, however as wc have 
scon, the multifunction 

t ^ extP (t) 

admits measurable selections. Moreover, complcmcntarily to tbc Olcch's 
result no have tbc following measurable version of the Carath6odory 
Convexity Theorem 2, 
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Thbodem 27. LeiP :T — <x (^) he o maivToble mvit^unclwn. 
Then each measumble aeiecHon p of P can he rtpreeentffi a* 

P(I) = £a, (()=,(!). 

«•() 

with mammae Xi : T (0, 1] 6nd ti (t) < extP (() tucA that 

£A,<t) = l. 

UB> 

Proof. Wc sball proceed tbc induct.ion. For I = 1 the assump- 
tioDS bad to P(r) B [a(t},fr(t)j with measurable : T R. 
For given measurable sebetioa p(t) € by A s 

{t : a(() < 6(t)} and tak: 

A(t)B( ^ . 

' ' \ 0 for ti A 

Then A : T — ' (0, 1] is cocasurabb and 

Assume that tbc tbeorem holds for all Jr < Inland consider measurable 
P ; T — cc (^) , Without loss of generality we m^ require that 

ei{«) »0€eifP(t). 

Fix a tocasurabb sebclion p of P and let 

Piit) » {* € P(l) : {^.p{<)> .cp(t,p(t))} . 

Then ^ IS a tocasurabb multifunction with dimi) (t) < 1 — 1. Denote 

by 

A » {t : p(t) #0} » {t ; c„(t,p{t)) > 0} 
and consider tbc function 



( 0 for ti A 

One can easily check that pi is a tocasurabb selection of i). By tbc 
induction step there exist measurable e* (t) € extPi (t) c eartP (t) and 

t-i 

A, ; T — • [0, IJ with ^ A« (t) » 1 such that 
«w) 
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Then 



where 















{ X«IW»H* 

, i,0.1 i-1 



for t ^ A 
far ti A ' 



and 






{ 



1 



J?WP 



1 



Now an olserpation that all A« : T 
f- 

^ A( (t) » 1 enda the proof. 



for t € A 
for iiA 

-• ( 0 , Ij arc tocaautablc and 

□ 



4. Connection of meoaurablllty with u.a.c. and l.s.c. 

In wbat follows T la a complete aeparabk metric apace with a ^ - 
ftdd C of Lcbea^uc measurable acU given hy a locally finite Radon 
measure u, while {X. d) atanda for a separable metric spaco. If it 
is not apecifieally stated saying about measurability we mean C - 
mea^urabtUty. 

PnoPOsmoN 41 (Castamg [42], Jacobs [118]). Ut P : T — » 
d (A!) be a meaghfabU mulMtofued moppxng. Then for every e > 0 
there extsta a eampaci set T, c T, wUh ft (r\IV) < t stieh fftet P 
restricted to Tt has the dosed graph. 

Proof. Fix e > 0 and let ^ s ^ ^ dense subset in 

X. Then each ma pping d«(t) * d(a«, P(t)) is measurable and by tbe 
Luaic Theorem there exist compaet seta Tn C T, with p (r\Tn) < ^ 

aueb that each d«. restricted to T.i is continuous. Take Tt ~ f| 

Ml 

and observe that it is compact with ^(T\r<) < e and each d„ ra- 
atricted to T, is continuous. We claim that P restricted to T, baa 
the closed graph. Indeed, let (t*,!*) € grP fi (TV x X) be a se- 
quence convergent to (to>£o) . Fix j > 0 and take a member from 
D such that d( 2 «, xq) < S. Then for sufficiently large k > k(n) one 
has d(a:n,P(ta)) < d( 2 a,Xk) < J. Thus the continuity of d«i yields 
d (zn, 'p (to)} < J and therefore d (xo> P (to)) < 28. But S was arbitrar- 
ily chosen. Thus d(xo, P (to)} = 0 wbat mnam that. ( 2 roi to} € grP and 
ends the proof. G 

A facts bolds also for the lower semicontinuity. 
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Pkoposition 42. UtP T d (X) 6e a meaavrobU n^u/fttdtied 
mopptn^. Then for every e >0 then esuls a compact set TV C T, 
ti (T\TV) < € stich that P restricted toT, is Ls.c.. 

Pkoof. Take ft Castamg reprcscQtatioa of the coappmg P by tbc 
measurable ftmctiopsft, : T — X, ns i.e. 

By tbc Lusiu Theorem for every e > 0 there exists a compact set T« c 
T, with u (^?V) ^ such that each restricted to T« is continuous. 
But this> ia vtew of the Propcsitioa 2S, that P is Ls.e. G 

Ckimbmmg both previous results wc have 

COBOLLARY 6, Let P : T — cl (X) he a measurable multivoiued 
mopptny. Then for every e >d then exists a compact set TV C T, mth 
p (T\TV) < e Sitch that P restricted toTt is cenfinuotis. 
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Carath^odory type multifunctiocis 



1. Jobrtly measurable functions 

Assume now that X is a Baiiacb space with separable X‘, [T, C, n) 
a complete separable metric spaev with a o - fxtld L of Lcbcaguc mea- 
surable sets ^ven by a locally fimte Radon measure p and kt {S. E) a 
measure space possessing the projection property (1.11) with respect 
to (T, p). We shall identify /, 9 € M{T \ S,X) if for every s € 5 

we have 

/(•.«)»${.,«) o.e. in r. 

In further we need the following 

Proposition 43, Ltt f :T x S — X be such ;ctnii^ meosvnbU 
function that then? ta (T) having property tfuU for every a^S 



|/(ts)|<p(0 me. mT. 
Then the function F ; S — ' X ?iven by 

T 



is E — meosurohie. 



Proof. If / b tor some £ 0 E - meosurohle set A then for 
every s € <$ the sets 

A4~{t : (f, s) € A} * projrA € C 

and thus the ma pping 

s — A, 

is E • meosuroUe from 3 into C. This> in turn, gives the E — 
meosurohifit^ of the function 

9 — tt(A#). 
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If / B ^ ^ Simple fundiofi with £ ® S • measvrabit acts 



At then 



<e/ 



i *€i 



with /4tf s {t ; (r, s) ^ Ai) € C And so it is S '< meoiitrohfe. 

Finally, ^ven jc^ly measurable f : T x. S X we can point- 
wisely approKimate by such simple functions \ T x S — • X, n s 
1,2, ... that for every n € 



l/n(t«)l <P(0 a-e-*n T. 

Now, by the Lebesgue Dominatod Convergence Theorem, wc have 

T 

But each s / /r, (t, s) is S -- meesi»ro6/e, so the ta>m» bolds 
r 

for F. This completes the proof. □ 



2. Uppar lower Carath6odory type real functions 

In what follows we shall additionally that. (5,d) stands for 

a separable complete metric space. By jmnt measurability we further 
tni»^n C(SS^Tfiea3urodtlili/. Recall that, by the Theorem 6, the space 
(S, B) possess the projection property with res pet to (T, £,p) ■ 

As an example of jmntly measurable functions wc consider 
Carathfeadory type functions and some their generalisations. 

DeriKlTlON 16, A jotnUy nuoMixMe fitnetton / :TxS ^ F utU 
be allied; 

(i) lower ^oratiieodory type (l.C.) iff fif every i the meppifur 

s / (t,s) is lower sermcontinttoua (l.s.c.); 

(ii) upper CoroMedorp type (u.C.) iff for every t the moppirtfi 

s / (t, i) is upper remiconfinuoua (u.s.c.); 

(iii) Caroihiodcry type (or sAort/y, CoratAiodor|f fufuSian) iff 
is ti u.C. and l.C. 

The reader may already have noticed that f :T x S F is u.C, 
type iff -/ is LC. 

We 'ghall cmpba^sc that the measurability in f and continuity 
in 4 imply joint measurability. But it is not a case for u.C. or tC. 
functions, i.a. the mcasurabUity in I and u,9.o. or l.s.e. in s do not 
imply £ ® B — meosurohiiily. 
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In the theory of jcontly measurable functions an important role play 
Sicorsa-Dragoni Theorem which given their characterisation through the 
joint continuity. A forcaulation of such type result we proceed ty sococ 
remarks. 

Leuua 2. Lft f :TxS — • ft 6e on ioMxr Cccrathtodory 
turn. Then for every e > 0 (here esaU a oompoet Tt wt£h p (T\T«) < t 
such thot f '.Tt S ft t* l.s.c. 

Proof. Denote the cf^aph of / by ft, Le. 

and noUco that, by the Proposition 6, E ^ C^B(3 x R) . Thtfcibrc 
ft IS the graph of a tocasurabJe mapping ( ^(0 ^ 

{-sections 

P(t)»{(s,^):(t.s,i)€ft)»{(s.^):^>/{t,s)). 

Moreover, ty the fs.c., each Tit) is closed. So we have obtained a 
measurable mapping T : T cf (S x ft). Employing the Proposition 
41 no conclude that fiot every e > 0 there ceusts of a compact set 
Tt C r. with u (r\J«) 5 f T rcstrict4xl to has the closed 

gr^h. But this that the set 

{({,s,*)€7Vx5xft;i>/(t,s)) 

IS closed. So/:r«x5 — ftis Ue. □ 

Using the Lemma we shall provide a characterisation of tC. and 
U.C, functions by the use of the Carath6cMdory type mappings. 

Theorem 28 (Scoraa-Dr^oni). Lei f .T x S ^ R be a joinili/ 
maaevrable fvneUon. Then the foilomn^ conditions are e^iMVolmi.' 
i. f ts loiver Corathbodory type; 

ii. for every e > 0 there easts a compact Tt p ^ 

such that f '.Tt X S — ft ts Ls.c,,' 

ttt. there exist Caroihiodory type funetxons /« ; T x 5 ft, 
n € M such that 

/(t,s)»siip/,{(,s). 

j^miinriy, w have the etfuivaienoe of 
f. f IS upper Cara&ibodory type; 

Of. for every e > 0 there easts a compact Tt twith p (T\r*) < e 
such that f '.TgX S ft ts O.S.C.; 

ttt', there exist Carathiodory type functions f„ : T x ft ft, 
n^ N, such that 




es 
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Proof. It is coough to dcmoostratc just tbc it.c. case. Notice 
fll'B/i that the imphcAtioQ tt. b the coiH43H of the while 

ttt, t. is a coascqucQce of the Theorem 23. So we just need to give 
an explanation tor ii. iii. 

Take a family of compact sets T* c T, m » 1, 2, ... with ^(T\T«) < 
i such that / : X 5 R is i.s.c.. Moreover we may that 

{To,} is an incrcating sequence. Denoting 

r.= 0r„ 

we obtmnaset of full measure. For every m the function / :T^x.3 
Ri the Theorem 22, admits a representation 

/ (t, a) = {f. *) . 

by continuous functions /«.« : ^ ^ R,n^N. Fix n and observe 

that each is a continuous selection of 

P(t.s)»l/(t,s),oo) 

rstrictod to Tn X <?. So, by the Proposition S4, it admits a continuous 
extension, denoted by /n.m. on T preserving for (t, s) € x 5 
the inequality 

/ («> {*. «) < 

Setting /n^((,s) B 0 for (t,s) € (T^Tq) x 5 we obtain a required 
representation. G 

Remark 10, Ongmollf/ the cfosrtcoi S’eorsa-Dra^ont Theorem has 
covered oniy the case 0 / a Cara(h6i>dory type fvnetxon / ; [o, fij x 
R R, Jusf provided and further generaiuatwns beieng £0 mani; 
authcra, cf. Castaing&Vaiadwf |42], Ceibna [49], Jamtkf^Kurzvieti 
(120), ifre2tichotMitt[211], A|rhihshi [208], ArUteisi-Pnkry[S[ and oth- 
ers. 



3. Caiath6odory type functions in Banach spacas 

Further results of the Seoraa-Dr^oni type we shall obtam ty pass- 
ing to mappings of one variable which the values in M (T, .¥). 

For any Carathhodoty type function f : T x S — X denote ty 
fr € M(S,jW(T,A:)) and fs € M(TM(3.X)) the mapj^s ffven 

'if 

fr(s)B/(.,r) and (f) » /{t, •) . 

In certain situations the mappings fr and fs may occur to be measur- 
able. We begin with 
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PnoPOSmON 44. For f ^ M{T x S,R) the foUowng eon^ticne 
are fffltxoaierU: 

(i) f u o Caralhiodory type futictwn; 

(«) fs : T C » C (S, A) is £ - measurable. 

Pkoop. Since tbc measurability of fs easily in^ piif* that / is a 
Catath6odory type function, so we only need to dctoonstralc that 
(i) (tt). This is slightly complicated task and out arguments we 

shnll split into few cases. 

Case 1. Assume that f :T k 3 R u unifhtWy 6ounded, t. e. 
iW»sup{||«,(t)||^:t€r}<oo. 

Observe that then 

U:T—C^C{3R), 

Since C ts o Banach space then tt is enough to check that for everp 
closed bail B s B{(fi,r) Z C the set 

(S) € C 

But 

t;\B)^f\{t:\/{t,s)~g>ls)\<r} 

•es 

and therefore 

r\f/‘ (B) ^\J{t: |/{t, a) - (s)| > r} » ro^A, 

•es 

whenA^{{t,s):\f{t,s)~ifi{s)\>r)^C<sB. T\fj‘ (S) € 

C, what in turn gtves (d) € C, 

Case 2. Assume neui that f T x S R*. Consider functions 
/•((<> a) = min(/(t, a) ,n) , n ^ Pf, and observe that each is an 
uniformly bounded Carothbodorp type function. An applicatton of the 
case e) pields the C- measurabilUy of each eorrespondsng if , ; T 
C~C{S.R) gtuen by 

£.{t)(a)»A(t,a). 

Moreover, we have 

fo< ft < < and J^^fr, («> ®) » / (f> *) . 

so, by the IHnt Theorem, for every t € T, ^ (t) i (<) in C {S, K ) . 
But this gwes desired measutabUxly of t. 




9S 
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Case 3. An of^ttrary Canihiodory tf/pe function f '.T x S R 
am 6e decomposed ae f ^ /_> where 

f,(t,s)~xoj»x{f{i.s). 0 ) and » max {-/{«,«) ,0) . 

Thai the second case ptoduees L — measurable fwetxons > f. : T 
C (5, A) gjwn ^ every l^T by 

asui f.{t}{s)^f,{t.s), s^S 

But (his, m fum, gives the ma«tiroMb(|r o/ f s f , - f _ and completes 
(he proof. 

D 

The previous tbc Lusia Theorem are the tools 

oceiied to establish a version of the Scor 2 a-Dtagoni result. 

Theorem 29. Assume that {S,S) ts a separable metric space and 
letf'.TxS — • X 6e jomily meosuroife function. Then the following 
conditions are egutvalent: 

i. / : r X 5 X is a Carothtodory type one; 
ts r T ^ C s C(S.X) is £ - measuroMe; 
ttt. for every e > 0 then? exists a compact T, lyiift ^(T\T,) < e 
such that f '.Tf X. S X is continuou; 

tv, for every e > 0 (here exists a compact T« with p (T\T«) < e 
such that fr, : S C (T^, X) is continuous. 

Proof, t. tt. 

In view of tbc Proposition 37 it is enough to ven^ that for every 
^ € C (S.X) the distance function 

t—d(fs(t),v) 

is £ — measurohie. Fbr this purpose observe that 

d {€s (t) » V?) » sup arctan \f (i, s) - ^ (s) | « sup arctan \f (i, s,) - v? (s„)| , 
•es 

where ^ a dense sul:«etin S. But, by assumptions, each func- 

tion 

t — arctan|/{<, s.) - v9{s„)| 
is £ - measuraUe and so is fbr 

e —sug arctan j/(i,s,)-v>{s.)| »d(fs 

tt. ttt. 

Dcuot^ by 

r, » {f : d (ts (0 > 0) < atclann} » {f : (OIL < n} . 
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Then is An faimly of mcasurAblc subscU of T such 

that 

Jr. = r 

»al 

and each 

tg-.T^—C{S.X) 

is £ — meoiuroUe. Then hy the Lu^ theorem fot every e > 0 there 
exist compact Kn C T**. (^aWn) ^ such that for every n € 

JV the mapping — C {3,X) IS coutmuous. Taking 

r, = nif. 

Ml 

we obt^n a compact set satis^ong ^(T\T«) < e and such that 

UZ^C(S.X) 

IS continuous. One can easily check that then f : K x. S — ' X 
continuous, 
m. tv. 

Take such a comp^t set that the function / : x 5 — • X 

is continuous. We need to detnonslralc that fr. : 3 C (T«, X) is 
continuous. For this purpose cbocec any sct^ucncc s^ — ' so and pick 
such that 

||fr.(s.}-fr.(sa)|L» 

= sup 11/ (f, r*) - / It. So)| : f € T,) = \f (f«, s,} - / So}| 
Hence tor every subsequence {Sk^} there casts a converging subse- 
quence of {tn} I say Thus 

llfr. (s*,) - fr. (sa)IL = - /(t<,so)| — 0, 



what mtyam that ff. (s^) fr. (so) C (TV, X) and shows desired 
continuity of fp,. 
tv. t. 

It is enough to chock that for any £ € X the function ^ : TxS — ' R 
0 vcn by 

5(f,S)»|/(^S)-*| 

is a Caratb6odory type one. Pix£ € X and e > 0. For every N pidi 
such a compact K„ that t* (?\Ab) < ^ and ff;, : 3 — C (ff«> A!) is 
continuous. Thus taking 

CC 



T.=r\K 




e. CARATHBODORy TY?E UULTlPUWCriONS 



100 

we obtain a compact set baving propa^ that p (7'\T«) < f and 
/ X 5 X aa well aa ^ x 5 — ' Ji arc cooUnuoua. Ucncc 
the Lemma guatrantcce ^ :T x S A ia a Caralbfcdory type 
function. This completes the proof. O 

4. Jointly moas arable ouiJtlfimctlons 

The considerations concerning with jointly measurable functions 
can be preserved for mullivalued map|»ngs> but as we will see later 
there IS a need to distinguish between upper and lower Caratbdodory 
type multivalued mappings. 

Let A ; 7*x5 ^ cf (X) bcan^dS-meosurod^. Then P admits 
a Castaing representation 

(6.1) P(t,s)»cf{pn(ts):n€Ar) 

with C<sS — measurcUe functions p^:T x S X. 

Fix Sf, € S and £ - measurable selection po (0 ^ ^ (*t > We arc 

wondering whether exist £ 0 S — meosuroftle selections of P which arc 
uniformly in ( € T close to The answer is positive. This situation 
cxplmns the following 

Proposition 45. Fbr everpe > 0 eatsts ajoinlltf meosurot^le 
selecttan p of P such for allt we have 

<i(p{t,«o),po(0)<« 

Proof. Fix e > 0 and by denote C - measurabie sets 0vcn 

Te » {f € r ; d(po (t) , ft. (t, «c» < ?} . 

By 6.1 VC hav§ T s |J T^. Cowdtf the £ - meamraUt doU 0vca 

Ml 

n^i 

X.»Ti, /ern >2 

p{^*) « Xu (Oft* (<.«)> 

It can bo easily checked that p is a required £0 S -Tneosurahle selection 
of P. □ 

Leuua 3. Let P : T X S d (X) be jotntly measurable rnuUi- 
valued mapping, uAtle <fi ; S — • X a conitnuous funetxon. Then the 
set 

n^f]{t:P{t.s)n{B{<p(e),r))^«)^C. 



by 

and define 
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Proof. It U a conacqueocc of tbc Theorem 6. Denote by 

aod observe that by asaiimptiona 

A^C<s8. 

Now 

(6.2) T\n » J {r : P(t, a) n {B {<fi (a) ,r» » ft) » pro^rA € £, 

•es 

what eomplcta the proof. G 

5. Upper onH lower Corot bdodory type multlfimctions 

From now assume that S’ is a Hausdorff topological space. 

Definition 17, We eSoll imII o mult^nclion P TxS d (X) 
an upper ConUh/odory (u.C.) type mutiivaiued mappinp iff U *att»fies 
Vte /ollomng properties: 

t P(',s) is C— meoiurohfe /or every s € 3; 

11 , P (t, >) is u.s .c. / or every t € T. 

Similarly, wc call a miiltifimction P : T x S eJ (X) a 
loufcr Carath6odory (i.C,) type multivalued mappng iff the following 
conditions hold. 

P( , ) ts £ S' S - ffieasuroAle, 
ii', P (ty •) is l.s.e. far every t € T. 

Remark 11. The reader may ehecit Iftat condiisens i. and ii. im- 
ply that P[’y-} ts CsB - measurable. Hotvever, i/ iue assume that 
P{-,s) is £-measoraNe far every s € S ondP(t, ) ul.s.c. for every 
T then a fails to tmpiy the jomt meastirohUtty (see Ozfo6y [190]J 

Ai for measurable, i.s,e. and u.s.c. mappings, the property ofbcmg 
an or LC. multifimctioci can be expressed in terms of distance 
fimetioA. Combining the Propositions 37, 30 and 28 ne obtain 

Proposition 46. For a jomily mouumbie muAi/uncrton P . S x 
T Pf (X) the folloumy conditions are e^uivafent.* 

» Pis/.C.; 

11 . tbc mapping (t,s,£) d(r,P(t,s)) is£® B(5 x JV)- 

meaeuraUe in (t> s, r) and u.a,c. in (s, x ) . 

5imiiaH|/, ve hove the egvsvalence of conditions 
i". Pisu.C.; 

ii". the mapping (t,s,a:) — • d(r,P(f,s)) is B(S x Jt} - 
measurable in (t, s, i) l.s.e. in (s, x ) . 
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Remark 12, Since the mapping x d (f , P ((, i)) ta ayntxnuota 

(hen it ia enottgh (o efieek in eondtitan ii. the tLS.e. jual for any dense 
in,y. >1 nmxlarfact hcldaforii’. 

Now we Arc ready to giw2 a Scorea-Dragoni type results for IC. and 
U.C. coappieg. It IS fonmilatod as Ibllows: 

Theorem 30 (Fryaskowski, Arutoic> Prikry). A miitittniued mop- 
ping P .T\S cl (X) ts onLC. one iff fiyr every e > 0 there exists 
a eompaet set T, tn£/i #i(7\r,) < e aveh (hot P ; TV x S’ d (X) t» 
l.a.c. 

Proof. In view of the Proposition 46 and tbc Remark 12 it is 
enough to verify that both conditions ate equivalent to a fact that tor 
any dense subset each function 

is an u.C. one. For purpose we need to an universal compact 
set TV C T wilh p (TXT,) < e such that each p^ rc^ricted to T, x S is 
U.S.C.. But having constructed by the Theorem 29 compact sets C T 
with p {T\Kn) < ^ such that each restricted to x 5 is u.s.c. wc 
can get 

□ 

Similarly one can prove the u.s,e. version 

Theorem 31 (Jarmk£sKursweil(12(4, Rscsuchowski [211]). A mul~ 
titiohioi mappmg P .TxS — ' d (X) u an u.C. mapping iff for every 
e > 0 there exxste a oympact T, p ( ^ ^ reetneied 

toTfX S ia u.s.c. 

6. Caiath6odory typo selections In Banach spaces 

In what follows wc ghall that X is a space with 

separable X’. Conadcr an iC multihincUon P :T x S — dee{X). 
We already know that for every a ^ 3 the mapping t P (t, s) 
admits a measurable selection while for every t € T tbc multifiinction 
a — P(t, s) possess a continuous selection. It is very natural to 
pose a question whether P admits a Car alhCo dory type selection. The 
answer is poative and it can be obtained combining tbc Michael and 
Kutatowski&Ryll-Nardaewsla Theorems. This however can be done in 
two ways. We want to present both of them since they enlighten sococ 
new effects. Both approaches use measurable and continuous selections 
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but apply tbom in an reversed order. The first one is due to Artsiein 
& Prikry and is based on the provided in previous sccliciii a Scorsa- 
Dra^^oni type result. In the second one we <v>ngiHiw for any i € T tbc 
set ^(i) of all poauble continuous selections, prove tbc cocasurability 
of correspondence t T ({} and then apply the Kuratowsld & ftylt 
Nardaewski Theorem. We would like to say that it is poauble to 
repeat tbc Michael and Kuratowski Ryll-Nardsewsln constructions. 
Such a construetKm could be based on tbc Proposition 4C. Before wc 
go to detuls wc have to <^m phagitti» that tbc first result is conceptually 
simpler and gives more general result, 

Tbeobem 32 (FVysskowski [73], Rybihsld [208], Artsidni^Prikry 
[7]), Each LC. muhtvtJaed P : T x S dco (X) admits a 

Corathiodory type seleethm. 

Proof. Take an mrcaang &mily of compact sets An c T, m s 
1,2, ...with ii(T\ A*) < i such that P; Anx5 —cfco(A)»/.s.c.. 
Therefore tbc Michael Theorem yields the existence of a continuous 
selection of P restricted to each An x S. Starting with a continuous 
selection p on A| x 5 X wc can conscquiivcfy extend it to a 
continuous selection on each A^ x S and finally on 



7*0 xS» 




xS. 



But To C TisasetoffuU measure. Thus setting p (t, s) s 0 tor 
(t, s) € (T\A) X 5 we obtain a required selection. □ 



The above result can be enriched with a 'Castmng like roprcscnla- 
tion” hy Carath£odory ^pc functions. Namely the following theorem 
bolds: 



Theorem 33. Let P TxS ^ doo (A) ^e a ^nliy m6(MrabU 
muitivaJuGd mapping. Then the following condUtons are e^ttolent* 
t ful.C.tppe; 

tt. for every s > 0 there eaasts a compact A tn£h (7^T«) < i 
9ueh thoi P .TfX S dco{X) ial.a.c.; 

ttt, there exist Caroihiodory type fwietxons : T x 3 R, 
n € A, such that 

(6.3) P(t,s)»cf{p.(t,s):n€ A}. 

Proof. Since and tt. are, by the Theorem 30, equivalent wc 
demonstrate implications ii, Hi. t. 
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Take ftn 1 ng fftirn l y (.i iwnpa^ T sclS C T> m s 1, 2, ... with 
#i(r\A„) < i such that P ; X S — c^co(.Y) is U.c.. Thee the 
Theorem 21 ^ves ou every x 5 a roprcscutatioa 

xn^N) 

with continuous funcUous x 3 — X. Fixin g m we can 

continuously extend each to To x S s (|J^j K^) x S obtaining 

(6.3) on To X S. Now setting (t, a) s 0 on ( S we obt^ 
the required representation, 

tt. ttt. 

It is an easy conclusion from the Propositions 36 and 26. G 

The second approach to the existence of Carath6odory type selec- 
tions is valid only on locally compact mettrzablc spaces. A^umc first 
that (<?, ^ is a compact mctrisable space. In this ease C{SyX) is a 
separable Banach space what will allow us to apply the Kuratowski L 
Ryll-Nardaewski Theorem. Let P : T x 5 — dco {X} be a given hC. 
mapping. Fbr every t € T consider the set 

(6.4) P (t) » {« € C (5, A) : u (a) € P («>«) for every 9^3). 

Notice that it is closed, convex and, by the Michad Selection Theorem, 
nonempty, 

Leuua 4. The muitt/imction P : T dco{C(S,X}} given hy 

(6.4) L” measurable. 

Pboof. In view of the Proposition 36 it is enough to check that 
for any open ball B{\fi.r)QC (5, X) the set 

p-B»{t;P(t)nB(^,r) #«}€£. 

For purpose notice that 

(6.5) p-B»f){l:P(l,s)nS(^(s),f)yi«). 

•«s 

Indeed. If t € V~B then there easts u € P (?) n B (^,r). But this 
in particular that for every s € B we have u (s) € P (?, s) ri 

B {v> (*) > f) < Therefore 

(6.6) p-fi C n ^ fl (»= (*) .') 5^ «> 

•es 

Ontbeotherhandfixany? € fl ^ ^ ®) Then, 

•fS 

by the Theorem 43, the mapping s P{?, <) admits a continuous 
sclecUon u € C(S. X) such that for every 3 

u(s)€P(?,s}nB(v»(s),r). 
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So 

ti €P(t)nB(v9»r) 

aod hence t € T~B. But the latter that 

(6.7) n <* '■ ('■ " S 1® (7’ (>) . ’•)! # «) c f-B, 

•€S 

what together with (6,6) ^vea (6.5). Havin g this equah^ we get 



(6.8) 

where A = {(t,a) ; P(t,a) D B[B{v?(t),r)] s 0) € t! ® 5 So from 
the Theorem 6 TO conehidc that O 



Uaieg the Lemma we shall prove 



Tbeobem 34. Let S be a loaUiy compnet sepamMe metric ipoee. 
Thm each i£. naJtxiMlaed tnnpptn^ P :T \ S dco (X) admiU a 
Corathiodory type »eUcit<yn. 

Pkoof. If ^ is a compact metmable space then P given by 6,4 is 
£, — meaearoUe. Tborcfbre it admits a measurable selection p : T 
CIS.X). Hence p(t, s) s p(t)(s) is a rtx^uired Caratbtiodoiy type 
selection. 

In the general ease we ^hall pick compact sets Sm. m s l, 2, ... such 
that 

Sc C tntS^i and |J S« » S, 

Then each P rcstrlccd to T x ^ admits a Caratb6cdory type selection 
p. Vp^ that p can be extended to a CarathCodory type selection 
on T X &»+i> purpose <v>ngHi»7- & multivalued map|»ng P«t : 

T xSm ^ deo{X) given by 

p ri M (t,«) € r X ft, \ 

otheruAae / 

and observe that it is again I.C.. So it admits a Carathfiedory type 
selection which is a required extension. Take a Carath6odory type 
selection on T x Sj, Thus applying the above procedure we can extend 
it on the whole T x S, what ends the proof, G 
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Fixed points property for couvex>velued raappii^ 

1 . Slngl^valued case 

The theory of hxed points tor single-valuoi fuettoos p : X X 
can also be developed for multivalued mappings ot P : X — JV (X), 
We say that z € X is a hxed point of P if 

*€P{z). 

Such theory has been using in many areas, especially in nonlinear analy- 
sis, difereotial inclusions and control theory. There ate many results 
iv>nrT>fning this subjcct and we do not pretend to give them alL We 
just present the most important and very useful ones. In this section 
we require convinuty assumptions on the sets P(z), nonconvex ease 
can be discussed in the next part. We should saiy that in the fixed 
point theory for muJlifunctions a crucial role play selections. With the 
use of them many problems can be reduced to the single-valued ease. 
Among all fixed point results for ptxnwisc functions we mention 
the following: 

Theorem 3S (Schaudar). Let K be a compact convex subset of a 
BonaeK space X. Then each eontsnuous mappvxg f : K K admxts 
a fixed po^nt 

We should emphasise that despite convexity assumption the com- 
pactness is essential. There arc generalisations of the above result 
for artetrary seta K € dco[X) but they require compactness of the 
function /. Recall that / ; X X is s^ to be a compact mapping 
if It is continuous and the set / {X) is conditionally compact (totally 
bounded). 

Theorem X. Lei K be o dosed convex suAret of a Banach space 
X. Then each compact mapping f •. K — K odmiis a fixed point. 

Proof. Denote by 5 s doo {f{K}} and observe that by the Masur 
theorem S is compact. Fix s > 0 and for every a € <$’ consider sets 

P,{s)^d{x^K:\x~s\<d(s.K)^e). 

lor 
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One can easily notice that they are nonempty and convex. Moreover, 
by tbe Example 6, the mapping 

; S^da>{K) 

is l.a.e. Choose a continuous selection : S — • A of and observe 
that for 8 € / (A) the inequahty 

(7.1) jp,(s)-s|<s 

holds. Therefore taking /« s / o we have, for every r > 0, a conUn- 
nous function ft '• S / (A) c S such that tor each r € <$ is 

Applying the Schauder Theorem ne may, for every r > 0, pick s« € 
/(A) c 5 such that 

(7.2) /0,(O)»ir 

But the net {s<} c / (A) c 5 is totally bounded and we may assume 
that it IS convergent, say 

lim St = id. 

I— it 

Thus by, (7,2), 

limft(s,) sso 

and t-alnng thc limits in (7,2) we conclude that so ^ fixed point of /. 
This completes thc proof. G 

2. Multlvalusd caso 

Thc above two fixed point results have thdr counterparts for lower 
semicontinuous mappings. It is a application of the continuous 

selection method. 

Theorem 37. Let Z be a comport convex saAset of a Banach space 
X. Then acKl.s.e. mapping P : Z — cfco {Z) admits a fixed potni. 

Proof. Take a continuous selection p ot P. Then p : Z Z 
admits a fixed point x and it is also a fixed point of P since x —p{x) € 
P{x). C 

Using exactly tbe arguments we get thc following generalisa- 
tion of the Theorem 1.9: 

Theorem 38. Let 2 be a dosed convex snbsei of a Banach space 
X. Then each Lsx. mapping P : 2 dcei{2} such that P{Z) ts 
eondxtionaiiy compact admits a fixed point 
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The contiDuous selection method can also be used fot upper sccoi- 
cominuous mappings but we cac not do that directly since upper semi- 
cominuity do not guarrantcc the existence of couticuous selections. 
Provided below proof is based on the followin g observation in a metris- 
ablc space S. 

Leuua 5. Fot gwen P : 3 N (X) , s € «? and r > 0 set 
0,(s)» U P(s}»P{B(s.r)}. 

Then the mopptng Or ' S {X) ie l^.c. 

Pkoof. We 'ghall show that tor ai^ so, sro € Or (to) and a net 
Sa So one can a net € Or (So) such that Xa xtt. lb 
do that |Hck zo € B (so, r) such that xe ^ P (zo) . Since s« so 
then lor "sufficiently large* q we have zo ^ B (s«, r) , Therefore 20 € 
IJ P(z) B O, (Sa) and we can simply t^ce = xd for "suffi- 

acntly large" a, G 

Having the Lemma we can present a promised fixed point result for 
upper scmicontinuous mapping. 

Tbborem 39 (Ky Fhn). Let 2 be a cctnpact aynvex subset 0 / a 
Sonaeh space X. Then each u,s.c. mopping P : 2 deei{Z} admits 
a fixed point 

Pkoof. The theorem 38 applied to e^ 

0.(i)=£jc6p|s(i,l)} 

yields the existence of a sequence {£n}«^ C Z such that 

Since 2 is compact we may ^tiat xd. We gholl show that 

*0 € P(»t). 

For this it IS suffident to viinfy that for any £* € the inequality 

(»*>2o) <Cfi{Xit.X*) 

holds. For this purpose we calculate 
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» sup I (*•, «) : u € P |s 1 1 < wp Cp {Z, *• 

Therefore fos each n we may choose B (^ni s) 

i <cp{ 2 ^,x‘). 

But then Zfl — • xo aixI bctice 

{x ‘ , 2c) < lim sup Cp (a,, 2*) < Cp (so> «*) > 
what has to be shown. 



). 



3. ParameCriadd fixed point results 

In thi« section we deal with mappings P \ T \ Z dco{Z) 
defined on a compact eonvnx subset 2 o( a separable Banach space X. 
We always postulate separability of X. However, in the general situa- 
tion we ean restrict ourselvca to Xq s ipanZ c X being a separable 
space and providing aU considerations for Xq, 

Assuming that for each t ^ T mapping x P (t, 2 ) admits the 
fixed points no may a nonempty set 

(7.3) .?(t)»{*:2€P(t,2}) 

and examine next some propaUca of a new multifunction T •. T 
N {2} . Elspecially we are interested in the measurability of P and the 
existenee of measurable selections. This ti>n» we begin with u.C. map- 
pings and next apply to derive some properties in LC. ease. 

Proposition 47. Take any upper Camthfiodorv type mapping P : 
TxZ doo {K2) and cciuider sets f (t) ptt«n by (7,3). 7%cn each 
^ (t) t» a>mpoct and ^ : T — ' c\Z) is a meastiraiie muUifunetion. 

Proof. Since Z is compact then tor every t^T the set 

grP(t,.)»{(*,r)€Zx^:2€P(f,*)) 

IS compact and this implies the compactnoas of each set 

Tb sec the measurability we «hali use twice the Sicoraa - Dragoni type 
Theorem 31. For every s > 0 there exists a compact set T« c T with 
#i(r\7V) < e such that P : Tg x Z ^ doo{K) is u.s.e.. Hence it’s 
graph restricted to T, x Z, 



5 = {(t, 2 , 2 >: (t,2)€lV x2 and P{t,x)), 
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is compact and tbcrcibrc closed. Thus ? restricted to T, has the dosed 
graph since 

Ht.x.x ) ; {t.x)^ZxZ andx^f{t)) = 

S {(t,2r,2) 

But this that ^ restricted to each T, is u.s.c,, what yields tho 

mcasuratdity of oq 7*. G 

COBOLLARY 7. Boch u.C. type mapping P : T x Z — dec (2) 
admxts a meoswu6k mapptng x : T X iocK fiyr ailt 

x{t)^P{t,x{t)). 

In partxctiior, for each Coxathiodory type fancHon p : T x Z 
dco{2) there is a meosuroAie mopptng x : T X i«ch that for 
allt^T 

x{t)-^p{t,x{t)). 

Measurable select loos of fixed pewts exist for l.C. type map- 
pings. Since ai^ l.C. typo rm» pp\ng P : T x 2 — ' dco(A) admits a 
CarathCodory type selection then the previous result 

COBOLLARY 8. Boc^ IC. type mapping P . T x Z deo(2) 
admxU a meoswu61e moppmg x : T — • X sack that for allt 

2{t)^P{t.2{i))- 
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CHAPTER 8 



Decomposable sets 
1 . General properties 

lu th<a part we restrict our conaideratioos to a Ban^cb 
space X with separable X‘ and (T, a tuoasure space de- 
fined on a complete separable metric space with a c - fteid L 
of Lebesgue measurable sets given by a dnite R^don measure 
M Without loss of gcncrahty wc assume that p is probabilisUc, 
i.c, 

Lot P : T — N (X) be a muitifunctioo and consider a set 
ffp s {it € M (T, X) (t) 6 P{t) a.e. in T) 
or 

R:p»{u€i^(T,:t):u{t)€P(0 e.e. in 7*} . 

If wc assume that P : T — ' co ) > then the set Kp is coovex as well. 
This property cannot be pnseved 6 di non-convese valued multifuncticms 
P : T N (A!) , But in any case the set Kp satisfies the following 
proper^: 

for all UiV ^ Kp and any C we have 

(Q) )C^u+(1-Xa)«€A‘p 

Dbpinition 18, A K of M {T. X) or U (T, X) oatxifytn^ 
(Q) is said to be decomposabie. The /armly of oil nonempty decom- 
poeobU and closed deeomposabk subsets of M(T,X) {L/(T,X)) we 
shall denote, respectively, bp dect{T,X) {deCf{T,X)j andddf{T,X) 
{ddf{T,X)) . Ifp~ 1 thenweimtedec(T,X) anddd{T,X), respec- 
tively. 

The notion of dccomposability was introduced by RcMckafcUar [205) 
in 19C8 in connections with integral functionals and since than decom- 
posable sets became a I'^am (4Xil in nonconvcH aaaly^ They arc in 
a sense a subsitute of convexity and many properties of convex sets 
have counterparts for decomposable sets. The families deCf{T,X} 
and ddf {T, X) arc clcecd with respect to intersection and cksure. 
Namely, wc have: 

us 
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Pkoposition 4S. £keomf>04abU aela poaaeaa the folhwig proper- 
tiea: 

(i) Ut C deCf{T,X). Then f\ ^ <Ucj{T.X). 

Sia^lor property holda for ddf (T, X) . 

(ii) Let {A*«)ng>; C dee^iTyX) ta an aaquenee. TJien 

0 K^^dec,{T,X), 

(i«) //A € deCfiTyX) , then dK^ dd, {TyX ) . 

(ii;) For K ^ dec^{T,X) and an? u € the aei K - 

« € dtCfiJ'yX). for K € dcip(7*, A) we Hove A — u € 

dd^(TyX), 

Proof, (i) Take «, f € fl ^ C. Tbcn tor ov^y q € A 
we h&ve Xa^ + (1 ^ Xa) ^ ^ tbcfclbrc 

X^u+(l-)cJv€f)Ao. 

(h) Take u, v € U /4 € £. Skice the colkctiOL { 

Ml 

is \nrr >^ng thefcfoic thtfc cn^8 n such that both u, V € A«. Ucccc 

A, C U 
n^X 

(iii) Thko u, f € dK acd A€ £>■ Thotc exist Un € A and tt. € A 

such that u* — * u and iA. — ' f But + (l - — Xa« + 

(1 - Xa)i' “d + (1 - Xa)v. € A, so Xa« + (1 - Xa)'' « c^A. 

(iv) It is stnighibrwasd. G 

Since M (T, X) and 1/ (T,X) arc dccompcnablo so the tamily of do- 
compeeabJe sets containing given A € dec^ (T, A) is nonempty. There- 
fore from the Proportion 48 follows that for any K (zLf {T,X} there 
exist the smallest decomposable and closed decomposable set contun- 
ing A. W: thtill call tbem> respectively, decomposable hull and closed 
decomposable hull and denote by de^ (A) and ddp (A). Obviously 
we have 

Acd«^(A)cdfll,(A). 

Proposition 49, Letu,v^LF be given. 7%en 

de^ {u, v} » dc/p {u, v} » {Xa^ + (1 - Xa)« : • 

Proof. Since {uxx ^ (1^ ~ Xa) ^ C) is clcsed set containing 
u and V tbcn 

dec, {u,n} C dd, {u, v} C {xa« + (1 - Xa) ^ 
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The opposite mHng<^na follows from tbc obscrvblioQ that for btbitrary 
A,B,C^ £wchave 

>:c{xa«+{i -x^} *'} + (! ->;c) -x«)v) = 

S XdU + (1 - Xo) v> 

where i> » /4 nC LI 5 n{r\C), □ 

PnoPOsmoN bO. Let K ^ deep{T,X), I < p < (X>. be yrwn. 
Then 

o) for every C K and atch fkiHe portitxon 

ofT tSefvnction J € K. 

Ml 

b) if K <Z lA {Ti X) is p '' inteffrably bounded then aiso for every 
C ^ poiiition ofT we have 

kml 

Proof. We shAll apply an mduction argumccl . For n s 2 it simply 
follows from the dchiutioii. 

Aasnmc that for n > 2 the cotuditioA a) bolds. Take arbitrary 
c K and any partition of T. Denote 

» 4, is l,..„n- lands* sA^uA^^i 
and observe that is a partition of T. Therefore 

H 

ID 

Ml 

But ID » + XAn..«n Uid hence (l - Xw.)*" = E Xa»“* 

Ml Ml 

TbmicK 

fi+i 

12 + (1 - X>w.) " € 

*•1 

what given an induction stop for n -p 1. 

Tb show (i) let the set C tP (T, X) be p-intcgrably bounded 
^ 1A[T,R) . By the Proposition 4Siii. wc may that 

0€ X 

Fix C K and a partition of T. We need to show that 

E ^ defy (A*) . Take ai^ r > 0 and let n be large enough such 
*•1 

that wc have 
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US 






h»a+l 



tn.l 



The cxistctice of such n follows from the Vitaly-Hahc-Saks Theorem, 
siacc 



lim IJ /4*| = 0 . 



Now 






k^i 



k»X 



aod we m^y proceed be follows: 






kmt 









f 



So 






v.k-1 



Since e > 0 was arbitrarily chosen, we conclude that ^ X<4«^ € 

ddf(K). □ 



As we havo already mentioned decompcaabJc sets have many nice 
properties. However sometimes they also may behave in an unpleasent 
way. Any dceomposablc set smaller than 1/ [T, X) has no interior 
points and any compact decomposable set reduces to a peent. 

Proposition SL Let B be the unit tnI/{T,X), ivhert 1 < 
p<oo. Thendeep{B)~l/{T,X). 

Proof. Take arbitrary u^l/{T,X). We that u € deCf{B ) . 
Indeed. Pot an integer n such that ||u||^ < n. Let be a segment 

for a real measure m(X) b /|u(t)|^p(dt). For h s l n denote 

A 

Bk s and observe that ^ ^ partition of T with 

s 2 /|u(t)f>i(dt) < 1. But then functions s € B 
T 
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aod bcacc our {bllows 6x<a an idoctity 

*•1 *■! 

□ 

Pkoposition 52. Let K ^ deCf (T, X) be a rekinxiy cotTipact sub- 
»et of U (r> A!) . Then K reduces to one pant 

Pkoof. By tbc Proposition 4S:ii. wc may require that 0 € T6 
a contrary ctiat there is m a pc^ u 0. One can tbodorc 

£ > 0, *»yn>11 enough, such that the set 

is of positive measure. Notice that uxs € K and thus 
A'o = («Xa • € £|#} = WXah£ ^dd^{uxa^0} C dK 

is a compact subset of (T, X ) . Now observe that for Ai.A^ € 
we have 

Ml - AsWi < ^ hXAt - Wl 

and hence tbc coapping A is well-defined and continuous from 

Kd onto C\B- But this implies that £|g is compact, what m turn 0ves 
a contradiction. G 

There is a strong relation between closed decomposable subsets 
K c (T, X) and closed-valued measurable multivalued mappings. 
Namely wc have: 

Theorem 40, A eheed subset K ^ dd(T,X) ts decomposoble iff 
there u o messuroile P T d (AT) such that K » Kp, 

Proof. ^ 

Since the H^^v^tnpf^atViili ty of Kp IS obvious, wc need only to show 
that it is dosed. But it can be easily deduced from the fact that uiy 
convergent in L^{TyX) sequence contains a subsequence convergent 
almost everywhere. 

Since K c (T. X) is dosed therefore it is also separable. Thus 
K admits a dense subset . Take 

B (t) a of {p, (?) : n a 1, 2, „.} 

and observe that p : T d (A!) is measurable. One can cadly check 
that Kp c K. We shall show tbc oppodte indusion holds. To 
sec thi« it is enough to check that for every e > 0 and u € A we 
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have Kp ri B (u, f ^ Fbr this purpose 62: u € ^ r > 0. By 
the density of there exists a subsequence converging 

to u. Passing, if necessary, to a subsequence we may that 

also tends to u an. in 7*. The latter in particular means that 

r. = {t:P(t)ne{„(, ),£}#«} = 



(8.1) = {t ; d (« (I) , P (1)) < 1} = Q {1 : |u(t) - ^ (1)1 < 5} 

is & dct of fuU measure. Doocpte by 

T.= {t:|«(t)-ft, (()!<£} 

and observe that ?*• are such measurable sets that 

U^-*ra. 

ml 

CoAiider the sets ^vea by: 

ft-i 

4)»T\Io> Ai^TuX^T^WjA^ for n > 2. 



*•1 



Then4/Cl!°-' is a partitKm of T and therefore 



( 8 . 2 ) 






Ml 



Moreover, for ( € An, we have 



(8.3) 






By the Waly-Uahn-Saks Theorem (see [62]) and (8,2) occ can ehoosc 
a pemtive integer 1; such 

(8.4) IlftX . Ili» / |pi(<)|/i(df)<l. 

T\ U ^ J I 



n«l 



n U 



CoAiidcr a ftmotioti p givca by 
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Obviously p € Kp. Wc claim that p ^ B (u, s) . Tb see thi« observe 
that, (8.3) acd (8.4), wc have 

/ |«(0-fc(*)l/i(*}+l|p.X . Il.<r 

■•i’' ".y.'** 

what completes the proof. G 

COBOLLARV 9. Let A' s A*p € dtc{T,X) be a decctnpcsabU set 
given by an C - meaaarabie mutitfvnetxon P : T — N (A!) . TJien 
dK = A'dP, when dP ta defined by (dF) (t) ~d{P (()). 

Pkoof. The Theorem 40 yields the custcoce of a measurable A : 
r — cf(X) such that dK = Kp^. Ckarly P(<) c ft(f) «e. in T 
aod hence 

(8.5) (dP) (t) ^d(P {(}) c A {(} o.e. in T 

On the other hand K^p is closed decomposable set contaimng K and 
therefore 

Kt^^dKQ 

what together with (8.5) rnM,r,A that Po (<} = (dP) (t) a.e, in T. □ 

2. Decomposable sets in Lf (T, R) 

A special role play decomposable subsets of Lf (T, A) . The exami- 
nation of their topological properties we begin with the followin g . 

Proposition SZ. Let K ^ deCf(T,R ) . Then for every c 
K the fanehona 

mm Ui^ K and maxu< € K. 

>S<5- 

If. odditxenailp, K ia p~mtegmbly bounded ftvm bekiw then for every 
qK the fvnetxona 

infua € cf (^0 ' 

<9vntloWy, if K ii p~integrably boundffi from o5ot« then 

supua € d {K ) . 

ft 

Proof. Tb show the first part it is enough to consider the case 
n s 2 and next apply an induction argument. Denote by 

As {f :%{«) <«8(t}}. 
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Nov our t^ows from on easy obsavation t^ot 

■Xa«» + (1 -x^}us 

aod 

““(“■'““>(') = { !^(5) = 

Assume now tbat K is ^mte^ably bouixlcd from below by o € (T, A) 

aod let{ui} 7 »| C A! be giw:ti. Therefore tor each n the fimettons 

On = mipi ««, ^ A 

aod the inequalities 

O) (I) > > o»(t) > ... > o(t) a,e. in T 

bold. The latter, in view of the Lobesgue Dominated Convergecec 
Theorem, cocacs that {a«)^ai is convergent mZi^tomfoa = inf v«. 
Thus infttA € d (A*) . The arguments for the third part arc analogous 
as for the second. This ends the proof. G 

As a conduskm from previous conflations and the Proposition 
12 we have 



COBOLLARV 10. Let K ^ decp (T, A) p integraUy bc^nded 
from beiow. Then 

esi inf {u ; u € A} € of (A) . 
ifK is p~integrably bounded frvm a&ot« Iftm 
ear sup {u : u € A} € cf (A) . 

For A € de«^(r.A) denoteby |A| = {|«( )] ; u € A) and obserwo 
that |A| € deCp (T, A) . Since |A| is clearly p-integrably bounded from 
below then the Corollary 10 yields 
(8.6) 

vKt) Beisinf{|u(t)| ;u€ A) seisinf{w(t); |A|) € cf(|A|). 

Obviously ^ € X^(T, A) . The function ^ plays the role of pointwisc 
distance of A from 0. This is explained in the followin g : 
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Pkoposition 54. Let K ^ ddf (T, X) and cctisider v € i/ (T, R) 
iatufym^ the meqtiaiity 

y? (t) < V (?) tt.e. m T. 

Then there utsU K such that 

(8.T) |i»(?)| <u(?) a.e, inT. 

Monover. the rtlatien 

m y\\,^d,{Q.K) 

holds. 

Proof. Applying the Tbcorem 12 wc hnve the existence oLun G K 
with 

(8.9) \Ui{i)\ > |«s(OI > ... > K(0I > ... > V?(0 T 

and 

(8.10) hm |u« (?)| = ifi (() n.e. in T. 

Consider measurable seta 

and notice that by(8.9) and (8.L0) the Camily{Tn) is inon^jtfini^ and 

Or. = Jo 

4|Ai 

is & dct of fuU cxcdsurc. Thoo tbc bmily { Av}^ pwa by 

Ac = r\n, A, s 7\, A. » n\ U A* for n > 2 

«■! 

forms a partition of 7*. Notice that by (8,9) the set 
Ko »de^{u, 

is p-integrably bounded and 

Ac C dd^{ue : n = C K. 

Thus, by the Propc«tion 50, 

“®E5C-i.“n € X. 

n^X 

Ono caL cd^y check that (8.7) holds. 
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Wc shall DOW dctaonstralc that (8.8) is aatisfied. First of all let us 
ooUcctbat 

Tb SCO the opposite inequality take artatrary f > 0 aod let u € ^ be 
such that 

|u(t)| < |v>(<)| +f a.e. inT. 

Thus 

Hcoce passing to the limit vith e 0 ooc gets 

what ends the proof. G 

LetK^ddp (T, A). For eveiy € 1^(T,X) put 

(8.1L) ifi (w) (t) = cisinf {|u(t) • u; (t) I : u € K) . 

Since ^(ui) (t) = ssiini (|«(t)| : « € A — w) K - w ^ ddf{T,X) 
then, by the Propcetion 83 , 

||^(t^)U,»rf(ur,X}. 

So (8,11) defines a map|^ ifi : 1/ {T. X) — 1/ (T, ft). 

Proposition 55. The mapping : 1/{T, X) If (T, ft) given 
by (S, 1 1) ti Ltpechiti vtt/i constant 1. 

Proof. Take any n,v ^ If {T,X) and fix r > 0. By the previous 
Proposition 54 there are w, z € ft such that 

|i»{t) ~w{t)\< (fi (i») (t) + e a.e. in T 

and 

|v(l) - z{t) I < v>(v) (0 r. 

Moreover, by the definition of wc have 

(«) < l«{<) - ^ (») I r 

and 

V (v) (t) < \v (f) - *y (0 1 *« 

Then 

y3(v){l) - ^(«)(0 < Kl) - tc(t)| - |l»(t) - w(t)| + s < 

< |t) (t) • u (t}| + 1 d.e. tn T. 

SiniiiArly 

< |u (t) - u (t)| + # o.e. in T 
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aod therefore 

||V3(l») - V(V)||,< ||U-W||, + f. 

But £ > 0 is Arbitr&ry> io the passing to the limit with t — 0 we 
obtain our claim. G 

Ai the end we have to say that m mar^ situations the examina- 
tion of dccompc«ablc subsets of U (T> A!) can be reduced to 1* (T, A!) 
via the Mazur transformation given (44). This is ovplaimvl m the 
following: 

Proposition 56. A set K ^ dec^iT.X) € dec(T,Ar). 

K^ddf {T,X) iffu, {K) 6 dd (T,X) . 

We leave the proofs for the reader. 

3. A separation result 

For decomposable sets a of separation result holds. Making 
analogous consideration as in case one can prewe the following: 

Tbeorem 41. Consider iuk> di^oint decomposobU sets Ki,Ki € 
dec(T,X). Then L^{T,X) oeax be spUt info fiM> diSK>tnt decctnposabU 
siib^ts Li,Li 6 dec{T,X) such that Kt C t = 1,2. 

Proof. Consider a family K! ~ dec{T,X) : LC\ K 3 si) . The 
family AC is nonempty, since Ai € AC. Order the family AC incluaon 
and observe that any incrcsing bmily (Xn) c AC has an upper bound. 

Indeed^ this rule plays |J £n, which obviously is decomposable. By 

»al 

the Kuratowski-Zoru Lemma in AC there is an clement Xi € AC 

and by construction 

Kid,. 

Take (T, Ct) \i, and obstfvc that 

Ki c £s. 

We need to show is decomposable. If it is not the easc> then 

there exist u>u € and A€ C such that 

»Xa«+{1 -Xa> i ^ 

Then ii> ^ Ka and hence at least one of is not a member of Ki. 
Indeed^ if both u, v € As then by dccomposat^ty w = xa^ t (1 " 
6 As, a contradiction. So, for example that u ^ As. 

Thus dec{u, £ 1 ) € AC and hy maximality u € £i> what contradicts 
with the choice of u. So, the proof is complete. G 
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Selections 

1. Coutluuoud selections 

We vill discuss tbo continuous selection property for s lower semi- 
cominuous multifunction with closed, decomposable values (Bressan- 
Coiombo-F^askovsla Tbeorem) and their consequences. 

We 'ghall be considerin g l.s.c. cuapplngs P : S — • dec(T,X) de- 
fined on a saparablo metric spaco S and with decomposable values. 
Wc begin with sotoc properties of a mapping ^ ; S — • (T, R) 0ven 

by 

0 (s)»«sinf{|«(t)|:u€P(s)). 

In virtue of the Proportion 54 for every v € X* (T, R) such that 

V (t) > «/> (s) (1) a.e. m T 
there exists u € P (s) such that 

l«(*)l>^W(0 a.e. in T. 

Therefore for every s € S' the set 

(9.1) ft (s) » {v € (T, R):v(t)>^ (s) (t) a.e, m T) ji « 

and one can easily check that it is decomposable and convcsc. 

Proposition 57. Let P : S ^ dec(T,A!) be a l.a.c. muAi/ane- 
tion. Then the mappinp ft : S dee(T, R) Deo (L‘ (T, R)) , ^t«n 6|; 
(9.JJ, iel.e.c.. 

Proof. Let F c L‘ (T, R) be an arbitrary dosed subset. Wc need 
to show that R^F IS dosed. For thi« purpose take any sequence in 
So such that 

R(s.)CF /or n«l,2,... 

and choose any tto € R(st) - One can pick uq € P (so) such that 
|t« (t)| > (so) (0 a.e. in T. 

By the l.s.c. of P there arc u» € P(^b) such that u«i tie. Consider 
the functions s ju,! + • |uo| + i . Notice that Vn ^ P (^) C P 
and in L* (T, R) . Theralbro t^) € P> what completes tho 

prool G 



127 




9 SELeenoNS 



PnoPOsmoN 58, LetP :S — dec (T, X)hta l.e.e. mvltxfvnetxon 
and assume that theit exist omtinucu S — 

and r : 3 L* {T, R) such that for every s^ 3 the set 

£3 (i) » {« € P (s ) : \u{t) - <fi is) (£)| < r {i) (t) o.e. in T) ^ 8. 
ThenG : S dee{T,X) is a Lsx. mtdtxfunciion. 



Pkoop. Obviously each C7 (s) b dccomposdblc. Since P (s) - ^(s) 
is Ls.c. then shiftin g P if noccesnry wc may that ^ = 0. So we 

may that 

G (s) » {u € P{s) : |u (t}| < r (s) {«) d.e. m T) . 

In order to show that C7 is l.s.e. take artetrarily a dosed set F c 
ir* (T, R) . We need to verify that G*F is ckecd. Fbr tbs purpose 
cbocec any sequence Sf, — ' s« such that: 

G(s^)<zF for 

and pick up any uq $ (so) . TbercfoM 

]u) (t)| < r (so) (t) o.e, tn T. 

By the i.SvC. of P there arc v« € P(sn), n = 1 , 2 ,..., such that u«i ^ 
uo. By taking if necessary subsequences we may that 

Ua tn) and r (so) a.e, in T. 

Applying the Egorov Theorem wc have the existence of an incrcedng 
sequence (T<} of measurable sets that 

j r(so)(i)>i(dt)< i 
AT. 



and 

v« 3 tio and r(s») s r (so) uniformly on T,. 

Consider the sets 

» |t € r. ; |uc(OI < ^{^t) («) - 5 o e, m r| 

and notice that form for every t an ini^rwing sequence of 

measurable sets with 

HcDct for ovory i tbctc li ^ integer k (<} sticfa that 
r,\r^Mo 
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US 



Therefore 






Un 3 uo and r (««i) 3 f* (so) uniformly on 



aod 






k(i) 



on Ti 



tWO' 



By the utLifocm convergeoev there exisU a scquctico such that 

fot n > TV have 



Mi)\<r{i„){t} onT,^^c^. 

Additiocally we may assume that atnetly mcreaang. Choose 

artetrarily w € ^ (Sn) aad define £ot rw < n < tv+i 



tf, - ttfiXr,xo ^^^AT.«o' 

Since G (s^) is decomposable then Wn € O (««} C F. Tb the cod of the 
proof we need to show that ut, in (T, X) . But this follows 

from an observation that for tv ^ < *4ti ^ the inequalities 

llu'i.-Ufllli = 

• J K(i)-«o(»)bW+ f 

Alixo 

< j |r(>,)(I)b(il)+ I |».(()|M(d() + K-u„||.< 

<||r(>.)-rWI|, + 2 j |rWI».(A) + ||u.-u„||.< 

A^.Ko 

< Ik (*.} - + K - “ollj + J- 

This completes the proof. G 

Now we aregomg to present adecompcaablsaaalofue of the Michael 
Siclcction Theorem. The first result of this type belongs to Antcmcwlcs 
& Ccllina [S]. An abstract setting was found hy F^ysakowski [72) and 
improved by Brcssan&Colombo [35] 

TyeoBEM 42 (Brcssan-Colombo-Fb^akowski). Assume that P : 
S del {TyX) ts a l.s.e. muitt/imcticn. T^en P admits a omimuous 
selection. 
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Pkoof. Ai ic two prcvloui selection thcorctns tbc proof goes 
in three sUges, The twain difference appears in step I> where we use 
g imilflv hut different arguments. 

Step / : Fbr every £ > 0 we 'ghall construct continuous mappings 

p S— ,L‘(r,X) and <f>:3—»L^{T,R) 

sueb that for each s € S 

(9.2) llV»{«)ll.<f 
and 

P(s)n{u:|u(t)-p{s)(t)|<yj(s)(t)}^e 

boJd. Fix £ > 0, So € 5 and tto € .^(^)> Consider a function 
0 vcn by 

(s) » «sinf (|u (t) - «o (f)| : u € F (s)) . 

Obviously 

(9.3) (sa) = 0. 

Take a multifunction 

(') = d {<> S i' (r, R) (,) (I) ...e, in r} 

By the Propoalion 57 the mapping 4^,^ \ 3 — cfco(L‘ (T.F)) is 
l.s.c, and, (9.3), 0 € ^ (s©) .Therefore from the Michael Selection 

Theorem we conclude that 4 _ admits a continuous selection ^ : 

5 — 1‘ (T.F) such that 

Consider sets 

(9.4) = 

and olnerve that Vao,uo is an is an open neighbourhood of so. Moreover, 
by the fac., the sets 

form an open covering of the separable metric space S. Thoefbre 
there exists a locally finite continuous partition of unity {sn}^i sub- 
ordinat4Yl to (V'.o,v*}.oes*oeP<*t) Let s» and u» be such that 

and set 
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U1 



From (9.4) wc coDclude tbat for every 9 ^ S aod each n s l, 2 , ... 






<!f^. 
2 



Heocc 

(9.5) 



Ml i 



By tbc Tbeorem IS the set T admits a coatiuuous bmily of pattiticuis 
{X«(s))^, hav ing property that for every « € 5 and each n » 1 , 2 , ... 



(9.6) 



Ml f 









Therefore from (9.5) and 9.6) wc have 



(9.7) 

Denote hy 
and 






p(a)«£u.x^^„ 



<#, 






v>(s) »£v9a(«)>:-4.(.)> 

Ml 

By (9,7) tbc condition (9.2) bolds. We that p and arc such 
continuous ma ppinga that for each S 

P{i) n ; |u (t) - p (s) (<)| < <p{9) (t)) ^ 0 . 

Fix s € S and let A(s) = {h, be such that s € fi ^ 



turn> »ynv»ng that 



and 



fh 






*•1 



«V 






kmt 
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Observe that for s 1,2, ...,m we have 

Pick c* € P{») such V 6 iy that 

In* (0 - («) {t)\ < {«) (?) a.e. in T 

and take 

A 

Thea^ by tbe dco:mpcMbilityi 

o€P(s) 

and 

io(t) -p(>) (1)1 = f; 10. (t) - (<)ix^.w < 

A 

< ^ («) (0x4*, w (0 = <fi («) (0 «'«• w r. 

a»i 

5 tep // : The const tudi op ^ea by the mductioD argumcct. 

For n = 0 put /*o(*) ® ^ (^) > 

By the step I with r - ^ there are continuous pi : S (^>*^) 

and ^1 ; 3 — • (T, i?) such that for each a ^ S 

Ilv 9 ( 0 ll» < ^ 

and 

A (s) n {u : |u (?) - Pi {a) («)| < <p, is) (?) o.e. in 7 *} ji fl. 

Then by the PropoutioD SS the nmltihinciton P| : T ^{T,X} 
0ven by 

Pi {a} = d {Po (s) n {u : |«(t) - Pi is) (?)| < v?x (a) (?) c.e. in T)) 
is Laj:. . 

Assume that we have already constructed continuous 

Pi p^.S^LHT,X), Vi,...,v9*:S — L‘(r,P) 

and is.c. maAi/wtc?tons Po,...,Pn-x : S — dd{T,X} such that tor 
every a€ S and for k s Q, l n - 1 one has 

ll^n(«)lli < 

P.^1 {a} n {It : |u (?) - p, {a} (?)| < <p. (s) (?) o.e. in T) ^ «. 




1. CONTINUOUS SELeenONS 



U9 



aod 

Pn-I (a) C fk-8 (a) C . . C ft (a) . 

Setting 

ft. (a) = d {P..t (a) n {« : |u (t) - ft. (a) (t}| < (a) (t) n.e. in T)) 

wc obtun & i.a.c. multifimction. 

By the itep / for a s there csdat: a comuuioua ft^n : 3 
L*{T,X) and v>»+i ; 3 — » that (or ct^ a € 5 

<2^ 

and 

ft. (a) n {« : |« (t) - ft.^» (a) (t}| < (a) (t) o.e. in T} # 0. 

TWke 

ft.i-i{a)» 

= d (ft. (a) n (t) - ft.^» (a) (t}| < (a) (t) n.e. in T}) 

and ol«crvc that dd (ft X) ia it.c. . One can caaly check 

that 

ft.-hi (a) C ft (a) C ... C ft (a) 

and 

what cadi the induct too step. 

<9tep ///; Wb shall show that ft. 3 p anH p is the required selection. 
For any mlegers n > 0 and & > 1 wc have 

(9.8) ft.t--x(a)Cft(a)cP(a) 



and thus 



dOW.(a},ft{a)) < dO^(a),ft„*.i(a)) < 



2=+l 



Therefore 



||ft.^(a) - ft.^i (a)||i < d (frt*(a), ft (a)} + d (ft.+.(a), ft, (a)) < 

.1 I . 1 



2^ 



* 2 *- 2 "-' 



what shows that sequence {ft>)Mi ^ C(3,L^ (ft^)) of continuous 
functions aatis6ea the uniform Cau^y condition. Thus there is a con- 
tinuous p such that pB 3 p. Such p is the required selection since, 
(9.8), wc have 

d(p(a),ft(a))» limdO>(a),ft(a))» 0 . 
k—00 

This oxaplebs the proof. O 
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IM 

The prcvioui result gives an answer on a question bow coai^ 
comimiDus selections posses a /. s .c. nmltihmction P : S dd (7*, X) . 
Especially whether for given S th« l.s.c. multifunetion P admits 
a continuous scleciioA agoimin^ ^ prescribed value vq € -P(so}' 

Corollary ll. Let P T — • dd {T,X) be a l.s.e. mvhifvnetxon 
and let F Q S be o etcaed sabseL Connder a ccnMmiotis fvnctxon 
p F — I‘ (T, X) giich that for every a ^ F iiie have p{a) ^ P (s). 
Then p can be extended to a aynitntnyua aeleetton of P. In partxeuiar 
for any ^t>en So € ^ orwi uq € P{at) exiate a eontmuoiia aeieetxon 
of P aueh that 

(9.9) 

Moreover, for every a ^ S &ie foilown^ representafion 

(9.10) P(s) a (p^,, (s) r So S S and Uo € P(so)) 
holds. 

Proof. Consider a multifunction Pp ^ven by 

ram p /*\»/ 

(9.11) Pp(s)a I for aiF 

and obseirve that Pp ; 3 — dec{T, X) and it is Lao.. So the Bressaa- 
Coiombo-Ftyazkovski Theorem in thi« case gives a continuous selection 
which obviously is is a required extension on ^ C P- Thking F = {so} 
we can extend pp (sq) b tio to a continuous selection p«o,w ^ ^ such 
that pio,uo («o) = UO' Since sq € S and uo € P(so) arc artAtrary one can 
easily g« (9.L0), □ 

In certain ^tuations instead of (9.10) wc can obtain a 
type representaUonof P through countable) many continuous selections. 
Before we present this typo result for mullifunctions with decomposable 
values we need the following: 

Theorem 43. Let P . S — • dd (T>X) be a La. c. mvittfvrtetxon 
and aaavme that there ore oontinwaa mapping <p 3 — L^{T,X) 
and r : 3 (0, oo) sach Ihot for every a ^ S the aet 

Then the madtxfwietton ^ . S — N (£‘ (T, X)) admita a eontm^oaa 
aeleetaon. 

Proof. Since the multihmcUou ^ (P (s) - \p (s)) is f.s.c. and still 
with dosed decomposable values then we may tbat ^ s 0 and 

r = 1. So let 



♦ (s)BP(s}nB(0,l)#«. 




1. CONTINUOUS SELEOTIONS 



US 



Fix i() € <?, tiQ € ^(«o) and let be such contiuuoui selection 
of P thftt (id) = U 0 . Consider sets 



(9.12) 












and ol«crvc that is an open neighbourhood of sq. Moreover, hy 
the i. s.e. , the family { ^ an open covering of the sep- 
arable metric space S. Therefore tbeM exists a locally finite continuous 
partition of umty subordinated to Let 

and Un be such that 

and denote by 

P- 

From (9.12) we conclude that for every S and each n s l, 2, ... 

(9.13) 

4.(a)||p.(s)||,»s,(s) J 



Hence 






)&i(s) 



By the Theorem IS the set T admits a continuous bmily of partitions 
{X«(s))^i having property that for every s ^ S and each ns l, 2, ... 

(9.14) 



j |ft.(s)(t}U(dt)-a,(s) I Ms) {l)Mdt) 



(l-|ll.||.)Zn(s) 



Thus 



E / |p.(s)(<)|/i(df)-f;z,{s)/ 

*- 1 ^,-. nml i 



|p.(s){<)|/i(dt)| < 



,^ (l’KII,)a,(s) 
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Adding (9.13) and (9.14) wc get 



(9.15) 
Denote hy 



£ f P,{i){t)^{dt) <£ / |p,(a)(0|^»(A)<l. 









and obsenc »>**» p is coniinuoua selection c4 P, since such ate ;)» and 
An. By (9.15) tbe wra pping p k a required selection. G 



Rbmakic 13. The reader may have aireadynoluxd that the aelaR{s) 
art neither decomposable nor closed. So ve Have a eonitnoisoiis selec- 
tion eatstenee restJi tniA nett^er deaomposobikty nor closedrtess as- 
sumptxons. 



Corollary 12. LetP -.S dd (T, X) ^e o ln,c. mdri/tmetum. 
Fix Sq € 5, Uq € P (so) and r > 0 and let 

V»p-B(iit,0»{s€5:P{s)nfl(no,r)?i«). 

TakeadoaedF C V and consider a multifitnetionR: {L*(T, X)) 

ijtvm 6|/ 

Then R admits a eontxnuous selection. 



Proof. Observe tbat ^ {P (a) - uq) is a la.c. caultihinction with 
closed decomposable values and tor ew^ s ^ S tbc set 

By the Theorem 43 a multifunction Pf ; F — Pf{L^ {T, X)} ffven by 

Pi-W = {^(PW-<n)}nB(o,i) 

admits a continuous selection pp : F V (T, X). Take a continuous 
function p : F ^ I‘ (T, X) ffven by 

p(s) srp/>(s) + u<i 

and notice that p? is a continuous selection of A|^ as well as of P|^. 
By the Corollary 11 it can be extended to a continuous selection p of 
P and therefore of P. □ 
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Theorem 44, Ctm^Uer a muItxvoJued mapping P : S — • dd (T, X) . 
Th^nP ui^.c. if and onlifi/ there are coniimtoua - S L'i^.X), 
n s 1, 2, .... for every a ^ S tve hove 

(9.16) P(«) sci{p,(a):ns 1,2,...). 



Pkoof. The idea of the proof is aiunJat to that of the Theorem 
4.10. Since the implication . follows from the Example 6, we bavo 
to present . 

Let be a dense subset in i* (T, X ) . Fbr every i: » 1, 2, ... 

open sets 

v,.. = p-fl («,,') = 



:P{a) 






By tbc choice of vc have 



5» U V'm. 

But in a separable metric space any open set can be docoenposed into a 
countable union of closed sets. Tbcrelbrc for every n, ft s 1,2, ... there 
exist closed /'a,* B 1,2,..., that 

Km = U 

twi 

Consider miiltifunctions 

ci {P{s)nS(u.i, j)} /or s€F«,*,» 

for 

and therefore by the Theorem 43 and the Corollary 12 each Pr^m : 
S — dd {T,X) admits a continuous selcetioup^iiflt : S i‘ {T,X ) . 
Obviously all pnjtjn arc al'a/i continuous selections of P. Wo ohall show 
that for every 3 

(9.17) P(s) s cJ {pf,,*,» (s) ; n.fem s 1,2,.,.) . 

Denote the right-hand side of (9,17) A (s) . Since R{a) c P (a) w 
need to show that P{a) c A(s) . Tb see tbs let us hx s P (r) 

and lb B 1,2 Choose n in such way that 

usPWnB(u..,l). 

Then a € Va,« and hence there csdsts m tln>t a € (^) and u € 

(^) * ^'^tus for the continuous selection (^} ^ have 
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aod thcref^ 

||,Vjj-U)-U|lx< £ 

The laUct oothiog else then (u, (s)) < |. Bui k was chosen 

artdtrarily, so it >rrtpW that u ^ A(s) . By the cfac^ of u we conclude 
that P (s) c ft (s) . Renumeratieg in (9.L7) the sequence m 
obtain (9.16)> what ends the proof. G 



2. Carat h6odory type selections 

Assume now that. Q we havH 2 given a complete metne space with 
k if - field S of Lcbcs|;ue measurable sets given by a locally finite 
Radon measure m. On the space 0 x 5 we eonsider the product 
o - field S (Si B. The tfo'y object otamined in this section is a LC. 
multivalued ma pping P : n X 5’ — ' del (T. X ) . 

TaeOREM 4S. Each iC- muifttidtiaj mapping P : Q x 5 ^ 
dd{TyX) admxU a CaraiA&dot^ type aeleciion. 

Proof. Take an mrcasing famil y of compact sets fin C *n s 

1,2 with m(Q\Q„) < i such that P : x S ^ dd{T,X) is 

ie.e.. Such sets exist because of the Scorsa-Dragoni type Theorem 30. 
Therefore the Brtesan-ColotaboFVysalfiDwski Theorem yields the exis- 
tence of a continuous selection of P restricted to each fi«* x S. Starting 
with a continuous selection p on Qi x S' — ' X wo can conscqulively 
extend It to a continuous sdection on each He> x S and finally on 

ax Ss 

But a is a set of full measure. Thus setting s 0 for (u, s) € 

(a\0««) X 5 we obtain a desired selection. G 

Proceeding exactly in the «g»rw> way as for the representaUon (6.3) 
we obtun the following analogue of the Theorem 33 

Theorem 4G. LetP MyS -^del{T,X) be a^ointlv meoevrabU 
muitivaJuad mapping. T\en the foUovAng cendtivym ere equwJent: 

\ P la l.C. Itfpe; 

ii. for every c > 0 there extate a oompeet K w£/i m (a\A*) < e 
aiiehthetP \Ci\S ’^dd{T,X) lala.c.; 

ttt, there exut Cenihiodory type fimctiona p^ (I x S R, 
N, 9ueh that 

(9.18) 




P(u,s)»cf{p^(u,s):n€f^). 




CHAPTER 10 



Fixed points property 

The fiicd point theory can also be developed tor single or multival- 
ued self mappings defined on decomposable sets. However a strmgbt- 
forward analogue of the Schauder Theorem can not be provided since 
each decomposable an compact set reduces to a point. But we can 
obtain some results compactness of considered mappings. 

Theorem 47, Let K be a elcsed decctnpMobU subset of {T,X). 
Then each compact mopping / : K K adrmia a fioffi pomi. 

Proof. Take S s cIoo{f{K}] and observe that by the Mazur 
theorem S is compact. Lot 

(s)(t)» ess inf 

For any ^ven e > 0 and every 9 ^ S consider nonempty sets 

ft(s) » d {« € A : |«{t) - s(t)| < V («) (0 +f «.e. in 7*}. 

By the Propoation S8 each map|»ng 

P,; S— .dcf(r,X) 

IS fs.c. and therefore it admits a continuous selection pc ■ S K. 
But for every s € / (A) we have 

^{s)(t )»0 o.e. inT 

and hence 

(10.1) Ilp,(*)-^llx<«. 

Therefore /« » / ® p« : «? / (A) c 5 is such continuous function 

that for every 9^ S 

||A(S)-S||,<S. 

Now the Schauder Theorem yields the existence of s« € / (A) c S 
such that 

(10.2) /0,(O)»^r 

Passing, if necessary, to a subnet we may assume that {s«) is convergent 
in/(A)c A,s^ 

_Um >, = s,. 
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Thus by 10,1 



hinp,(s,) »so. 



Passing to tbc limits with t 0 in (10,2) one can see that so is a 
hxo5 pcont of /. This completes tbc proof. G 



lO.l. Pftrametrl 2 «d version. LctpiQx/f — » A bcaCaratb6odory 
type mapinng such for every u ^ the function 

a — . p (<i/, u) 

IS compact. Then the set 
(10.3) (a/) » {u : i» » p (w, «) ) 

is nonempty and closed. Moreover f ; Q (T, A)) is measur- 

able, Indeed. Fbr every s > 0 there is a compact set c H such 
that m (n\n«) < t and p : H, x A — A is continuous. Therefore it's 
graph 

K s {(w, «, v) \ K K K . V »p(u, «)) 
is closed then 

jrr.?apro;n.KK{(‘^>«>‘') € A ; v « «} 
is closed as well This, in turn, n,,'ar,s that ^ ^ d (L* {T,X)) is 
u,s.c., what in view of the Scoraa-Dragoni Theorem g^ves measurability 
of Having this we can take a measurable selection of ^ obtaining 

Proposition S9. Letp.^lxK ^ K be avcH a Canihiodory type 
function that for every u € H mapping u p (ar,u) u compoc^. 

Then there sasU o measuroAie mapping x : Q K euch that 

X{u)~p[aj,s[u)) 



holds e.e. in Q. 




CHAPTER 11 



Aiimann iotegrals 



1 . General properties 



Wc qow that X, X’ uc Separable spaces, while 

S and O-eomplete mettle spaces. Moreover oa H we have a a-fteid S 
of Lebesgue measurable sets $vcn by a locally 6mtc Radoo measure m. 

about tba (joint) mcasuraUIity we »yn>an , respectively, 0 
0(5) or E 0 0(5) • fneasursMtty, while a multifiinetion 

is a iC, type whenever it is measurable ia.e. in s. 

Let K be a subset of (T,X). 

By the Aumacn integral of A c L* (7*1 A) wc tocan the set 







If A s Kp for some tocasurabJc P : T N (A) then the Aumann 
imegral is also denoted hy 



Jk=a{K)= y’p(()^w= jp(tj 



Wc shall introduce elcsed Aumann integral of A. By t:hi« term we 
mean the set 



d j A»I{A)»cj|y u 



(t)#i(dt);u€ 



') 



The multivalued integrals, called now the Aumann integrals, were 
introduced in usrtks independently by Aumann [llj and Oleeb [171) 
for multifunctions P : T N (J^) and ncart extended and ^annimvl 
by maiQ' authors tor decomposable subsets. They pl^ very impor- 
tant role m <Merential inelu^ons and control theory. Shortly speaking 
their applicability is basically connected with conveuty and compact- 
ness. In the foundation of that lie the properties of the range of a 
vector measure. On the other barH the range of a vector measure pos- 
sesang density / € L* (T, X) is the Aumann integral of a measurable 
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multifimctioii Pf : T N ( ) coDsistmg only of two pc^s / (() acd 
0. Thereto e many properties of the A nmarn integrals can be derived 
by the use of the Lapuacw Theorem. And vice versa, all properties of 
the Aumanc inle^al have their simpler partners to veetor cocasurcs. 

TyEOhEM 4S. let A* C (T, X) ie a eloatd decomposable set, 
Thm 1 (X) B d / A ts convtx. If X s then also f K a oonvet. 

T T 



Proof. Take arbitrary a,b ^ dj K and A € /. We have to show 

T 

that 



(III) 




Fix e > 0 and piek f,g^ K sueh that 



(11.2) 


a-//(t}^(d0 


< £ and 


b- f9it)fs{dl) 




i/ 

T 




J 

T 



< e. 



Consider a measure m : S — ' with the density (/>p) . Then 

A Ij sWj-wj 6 Rim). 

lovolong the Theorem 14 for the measure irt we conclude that there 
exists A € S sueh that 



and 






< s 



<t. 



|A| I J XAit)9it)Mm 

'S / T 

Notice that the last eoudition can be equivalently rewritten as 



(I -A) I l9it)fs{di) 

T / f 






XAit))9it)p{dl) 



<#. 
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T aking intft accouiit tbc ftbove estimates one can see that the mcquat- 
itics ( 11 . 2 ) yield 



Ad 



-/*A (')/«»*(*) 



< 2i 



and 



<i-A)»+ J {i-xAtnamt-m 



<2t. 



Adding both together we end up nith 



Aa+(l-A)6-y«(t)^(dr) 



<4«, 



(ll^) 

where 

>»»Xa/+(1-)Ca)9€ ^ 

But f > 0 was atbitrarily chosen and therefore (11.1) holds. 

If s ^ we can modify (11.2) by taking for arbitrary a,t>^ J K 

T 

such functions ^ K that 

T T 

Now the Lapunov Theorem applied to the measure m : C with 

the denary (/,$) leads to the existence of a set A € S such that 



'I /(/(<). K (0) A<lt)]=Jx>. (t) (/ (I) ,J (<)) ^ (*) . 

KT / T 

But this ^ves 



Ao+(l-A}&» 



for 



and completes the proof. G 

Consider now a dccompceable set A € dec (T, X) ^ven by an £ - 
measurable multifunction P : T N (X) > i.e. 

A » a {« € (T, X) ; « (t) € P{t) a.c. in T.) 
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Ibgctbcf with P we shall have a multivalued mapping dcoP : 
T — do> {X} giviici by 

idcoP) {l)~deoP{t). 

Now we arc going to Hignia< & cotmcction between closed Aumann in- 
tegrals X {K} = I {P) and X {dcoP) . The n,A>n tool uang £or this 
purpose is the support function. Recall that for IV c (.Y) 
thi« term we the function cw ■ X* ~R given by cw ( 2 *) = 
sup{(r*, u) ; u € H') . We also have to notice that cw = Cetjsw and 
therefore 

IS the support function of dcoP{t ) . 

As a conscqunce of the Propoation 39 we ghall prove the foUoving: 

Leuua 6. Let K = Kp g dee (T, X) a deoompoaeldt set given 
by an C — meaevrable nuJtxfvneticn P : T N {X). I^en for every 
f the rdadon 

T 

kold$. 



Proof. For aLy a » / tx (?) ;* (<ft) « (P) , whero u € Kp^ w gcJ 

T 



Hence 



CjiFf (2*) » C^i»j (2‘) < J C(f, X')ti{dt) . 



For the oppo^tc inequality observe that, by the Corollary 9> 

dK « K^p, 

where {dP) (<) = cf(P(t)), Sdcct a sequence <Z K s Kp 

such that 



IdP) (t) » cf {u, (t)} o.e. in T. 



Then 



e(t, *•) a Cpft) (*'} = (*•) a sup ( 2 *, (1)) d fi, tt% T. 

-eN 

Modifying we can require that 

(11.4) (2* , m (0 ) < (*“ I (f )) <...<(**>**« (<)) < .. . <!•«■ i« T. 
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Indeed. By the VC cec replace ^ ^ 



= Xa^i + (1 - 

where 

^ » (t € r : u. (<)) < (t))} . 

Thus, by (11.4), 



a.e.inT. 

Now »i«ing the Fktou we get 

T \ ^ f 

as desired. This ends the proof. 



FVom the G we coocludc 

PKOPOsmoN 60, Let K s Kp ^ dec{T,X) be a deetmpovibU set 
given bg an C - meaiurt^e mtJl»/tmcf»on P : T — N (A!) . Then 
7(K) ~l{P)~X{dcoF}. 

Proof. Obviously X{P)<zX {doaP) and both sets arc ebsed and 
convex. Therefore to see that they coinade we need only to show 
that their support functions arc the same. For this purpose take any 
a^X {ckoP) » cf / c<ct>P(t) fi (dt) , Then a » hm a, with 

o,» 

r 

for some imcgrable ti, such that % (f) 6 dcoP (t) a.a. in T. Thoefbre 
for every i* 6 X‘ and X we have 

U«| (<)) < CdaiFti) (2r“) » cpj.) (2“) O.fi. tn r. 

Tbus{ar*,a) s hm /j\/tfc.(f)^i(di)\ < /cpi,j (ar*)#t{dt) » «^,p, («•) 
» \ 7. / T 

and SO 

Cck^P) (»*} < OS(P) {x’) . 

Since the opposite mceiuality is obvious the proof is completed. G 
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1.1. Aumann mtdgrals !u i?. Ai wc h&ve already seen tbc An- 
tnitin iAt4:grali J A of decomposable soU K in fimlcly dimccaonal 
T 

spaces are convex. This property is precisely a cocsc<^uence of the 
Lapunov theorem tor nonatomic vector measures. But tbc range of 
a measure is compact and up-to now we did not examine an in- 
fluency of this information on tbc Aumann integrals. This quesUon 
IS strictly tightened with the Oleeb's Tbeorem 2C concerning lexico- 
graphical order and extremal selections. We begm nith the foUowmg 
rtsult 

Proposition 61 (Olcch Lemma (171]), Ut K ^ dec (T, A*) oiui 
take an esiteme point e € 7 (A) s ct / A. Then for each s > 0 there 

T 

exieU a S ^S(e) >0 each that the cendiitan 

(U.5) y u (t) ,* {dt) (t, S ) , 

T T 

whenever tx, tr € A*, 

||«-v||, <f. 

Proof. Wtbout leas of generality wo may assume that e s o. 
Take r* - o and observe that, hy the extremality> 0 is not a member 
of cto) {2 (A) \B (0, r)} , Thus etc© {X (A) \B (0, r) ) can be strongly 
separate frmn 0, The latter means that there is a umt vector p € A* 
such that for some j > 0 the inequality 

(11.6) Q s sup {(p, o) ; a 6 2 (A) \B (0, r)} < ~S 
bolds. 

We show that such choice of S imphes tbc desire condition. 
First of all let us notice that 

(11.7) 2(A)nB(0,i)Cfl(0,f). 

Indeed. If for some u € A 

idt) € (UK) n B (0, i)} \B (0, r) 

T 

thm by (LL6) 






what is impostiblc. 



y (p, u (t)) n {dt} > -o > ^, 
r 




i GENEbAL ?ft0?£ftnes 



U7 



Fix acy € I (K) n B (0, S) and bt 

as Jit[t)ti{dt) and bs J 

T T 

fot some ti, V € K. For arbitrary measurable A € £ put 

A 

Observe that 



o + c 






T 

fttwl gimilftf ly 

6-c= = 

T A 



(«(t)x>i + (l-)CA)v(t))M(it)€r(A). 

If both 

o + c,6-c€r(A:)\B{0,r) 

then 

i (4 * i.) = i ((« + c) + (» - ^)1 € (A-) \fl (0, 0} , 

what in view of ( 11 . 6 ) yields 




|a + 6| > -2/p,-(a-|.6) Was 



aod contradicts with the choice of o and 6. Thus at least one of vectors 
a + c aod 6 - c comes from B(0, r). On the other ^ (H>7), 
both € B (0, r) and therefore c € B (0, 2r) . So we have proved that 
for each measurable £, 

j (4(1) -«(!))»•(■*) 

A 



<2f 
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aod thii in turc givc« fot each i - cootdicatc, i € {1, ' .,0 < ^ 
estimacc 






<2r. 



Fix t s 1 1. Introducing s {t : tt, (() - (f) > 0) we have 






j («. (I) - f, (()) ^ (J() + j («. (1) - f, (1)) M (*) 



<4r. 



So finally 



1*1 i 



<Arlsty 



what 9K were suppose to prewe, □ 

The Oleeb has several important implicatiocia for the Au> 

tnitin integral of closed decomposable seU. Some of them ate <»vpUinM 
in the following 

THBOhEM 49. Let K = Kp be a dosed decemposabU set pnvn 6v 
a maasttrabU P : T d {Ft!) . Then 

1 each extremal pant e^X (K) can be vni^ueiy represented os 






where k (f) € extP{t) a.e. in T. 

tt. tf X {K} is compact then X (K) s J K. Mere precisely, for each 

T 

x^X{K) there exxst: k<{t) € extP{t) a.e. in T, t « 0,1,,..,/, and a 
poilttion such that 



=/(s 






Proof. L Take an extremal pewt e € extX (A*) and let C 

A! be a sequence with the property that 



yu.(l)^(*)— e. 
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t49 



The Olcch Lemma says that {Un}_y is & Cauchy sequence in {T, FT) 
and therefore convergent to h € a . Hence 

^ = Jk. 

T 7 

This rcprtsctLtstion is uok|ae. Indeed. If for some u^v ^ K 



T T 

then for each e > 0 we have ||u - v||j < t since both integrals ate in 
B (e, S (r)) . It remains to veri^ that. 

k (t) € eilP(t) d.e, tn T. 

Actually we ^hall prove something mote. Namely, if for certain basis 

£ = {ni.a^ a,} €S, to have 



then 




(ll^) h(t)»e{f (?),£) a.t.tnT. 

The basis £ induces a convex cone x having property that 
xU{-x)arf and xn(-x)*{ 0 ). 

Fix any K and notice that 



I (k (1) - u(l» ^(A) = d - y « (t) ^ (A) € X 

T T 



Denote ^ 
and take 
Then 
while 






if -X, 

y(t(l)-,d(l))^(A)€x. 



T 

Such s iitusUon esQ occur oidy when the sot ^ is of tocssurc 0 sctd 
this, m tunL thft# 

jfe (t) - (J) < X a.e. in T. 




ISC 
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But K vas atbiitarily cbosen> thus 

*(t)»e(P(t),£) c.e.mr, 

what shows (LI. 8), 

tt. By Theorem (5) &ay given point x^X (X) can be represented 



t 

«•() 

/ 

with ti € t£tl{K) ^ Ai > 0 iuch thhl ^ s Whu each tt 

T 



where (t) € txtF(t) ^e. in T. Consider a toeasiitc m : £ — 

with the denAty (/lo /:;) and let {Aa}o«r be asegmem for m. Denote 

i 

2, » ^ Aj and take 
>«) 






Observe that for each i by construction we have 



Hence 



A. T 

t = '£k = fk.ii)M-i‘) 

T -»i 






what given the desired formula. G 

Remark 14. IJ K ^ Kp is a dosed decom^sabU and 
6otmded set gwen ^lr o meostiroAie P : T d (R*) then 



!(*•) = Jk = JextP(t). 




7 AUUAF/N INTBGRAiS OP JOINTLY UBA9URABLE Ul/UTPltOTlONSUl 



2. Aum&im Integrals of Jointly meesuiable multifuctlom 



The mam object oxamuicd Ic (his section is the Aumaiui iMegral 
of a nmltivuJued mapping P : T xQ \ 3 ^ N {X), P:TxQ— . 
N{X) or P : n X 5 — dec{T.X). Wc shall also cmphaaae that 
in the presented bolow theory it is the same to consider toappings 
P :T xCl X 3 ^ N {X) or K ~ Kp X 3 ^ dec{T.X) . 

Denote hy 



A (w, s) » j P (I, u, s) and J P {t,u, s) . 



Observe that by the Theorem 14 the multifunetion 7 : H x 5 
c^eo(X) . We are to discuss problems of preserving measurability 
or Lye. proptrUcs of P through the Aumann integrals and vice versa 
• when and which selections of the Aumann integrals can be possibly 
regained by suitable selections of the integrand multifunction. For thia 
purpose it IS enough to examine the mapping A the regularity of 
J is of the type as possess A^ We be gin with the following 



Proposition G2, Assume iftalP : TxftxS JV(X) m a jointly 

meashfubU muit^ueixon and bovnded. Then X . (I x 3 

deo{X) ts agoxnjotnilp maashrabU one. Moreover, if P is aLC. type 
muitivaiued mopptny (hen X is oyain a l.C. type one. 



Proof. We first show that the Aumann integral preserves Z 0 
B (5) - meosurobtfilp. In view of the Proposition 40 wc have to show 
that the function c(s, z*) s is S - meontrohie in s (or 

every x‘ € X‘. Frtm the Propemtion 6 wc know that 

J c{t.u.s,x‘)p(dt), 

T 

where c s. x‘) » cpi«ju^) (**) « But for every z* the mapping ((, w, s) 

c ((, u, s, z*} is £,2>Z<sB(3}’’*neaax£roble. Therefore integrating it with 
respect to ( we obtain, ty the Proposition 43, rcqmred mcasurabiUty. 

Passing to l.C we actually to show that iS P : S ^ dec{T,X) is 
is.e. mapping then s v4(8) s / P(s) is Lsx. as well To do that 

T 

pick So, Zo € A (So) and s« ^ Sq. Wc have to find po i nts z^ € A (s^) 
such that z« zo. But xo ^ f uo(t)p (dt) for some tto ^ P (so) . By 

T 

the l.s.e. of P these are € P (s^) such that i»o uo- Then 

Uo(()>i(*) — » J uo (()/!(*)» So □ 

7 T 




CHAPTER 12 



Selections of Aumann integrals 



If P : Q X S — • dee{T,X) ii & jointly measurable or LC. map- 
ping then the Proposition 62 preserves property for the Aumann 
integral X . fix S dco (X) given by 

I(u,s)»I(P{i^,s))»cf I P{u,s), 

T 

Moreover, any jointly measurable or Carath6odory type selection p (<i;, s) € 
P (<i;, s) produces, respectively, a measurable or Carath£odory type se- 
lection s) s ^p{ujy s) ofT(ai,s). So we have, in this ease, 

"a short proof' of the Kuratowski L Ryll-Nardaewski Theorem as well 
as Michael Selection Theorem and tbc Theorem 32. The described 
above situation can bo in a sense reversed. Namely, any selection of 
Aumann integrals can be precisely or "uniformly" regained by a selec- 
tion of the integrand multifunction. These effects arc however diScrent 
for L».e. mappings and for measurable ones. The possiteli^ of ra- 
covEsing integrand functions occurcs to be a consequence of gitniU? 
properties for families of voctor measures and the Lapunov Theorem. 
On the other hand each givon funcinnp QxS ^ L*{T,X) produces 
a multifunction P . (lx S — dd(T,X) by setting 



P(<u,s)sdec{p(iu,s),0}. 
For such objects we have 



.A 

where is the vector measure with the density p(<i;, s) , 



1. Continuous selections 

Regaining selections of Aumann integrals by selections of integrand 
multifunctions no begin with the continuous case. 



1S3 
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Theorem so. Let P : S — ' dec(T,X) be le.c. and tnke a eon- 
tinuwa selection a{s) €l{s) — d J P («) , Then firr every eontmnoas 

T 

e S R* 2^«re exists a coniimtous selection p{s) € P (i) sndi £/io( 
for every s ^ S v>e 

^U)-JpU)(t),iidt) <*w. 

T 

Proof. Rc’placing fot 0vcn cooticuoua e : 3 — ' R* the multi- 
funciioA P with \P a with wo to^ requite that 

t{s)sl. 

Fix stt^ S and choose uc € P (A)) such that 

J ua{t)p{dt) < i. 

T 

By the CoUonry 21 there exisU such coniinuous selection of P 
that 

P.o.-t{*c)*«0 

Consider the set 

siS: ai>)-Jp..„(>)(t)pidl) <i 

T 

and observe that. form an open covering of the sep- 

arable space S. So one can seWt a countable and locally finite subcew- 
cring a countable, locally finite partition of unity {v’b ( ))^i 
ordinated to it. Let Vn = be such seta that tor each n s 2, ... 
supp^^ C K|. TbcrelOrc for n » 1> 2> ... the following inequalities arc 
satisfied: 

r 

where p, = Thus 

(12.1) oW-£v>.(*) / fc(*)(f)p(*) <5 

..1 J 2 






a. COITIKUOU9 SEI&CnONS OP TOE fLANGB OF VECTOB MEASUft£S 155 



luvoloAg tbc Theorem IB we cad choose a continuous family of pahJ- 
tioDS of the set T havin g property that for every s € S 



( 12 . 2 ) 



£ / P- («) («) P WO - £ V>e (« ) / (« ) (0 P (*) 



1 

2 



So from (12.L) (12,2) we have 



(12.3) 



o{s) 



^ / 






< 1 , 



Denoting by 

P(«) 

we get a required continuous selection pof P, since such are pn ~ P*n,n«> 
This ends the proof. □ 



2. Continuous selections of the range of vector measures 



The consideration from the previous section we ghall apply to obt^ 
continuous selections for the range of a continuous family of vector 
measures. For given continuous mapping / ; S — • £* (T> A!) we «hall 
vector mcasuTcs tn (s) with the denary / (s). In such situation 
the range of m (s) we shall also call the range of /(s) , 

Wth any / (s) we can assign a decomposable set 



F/(s)»dee{/(s), 0 ). 

Then Pf : S dd (T, X) is a f.s,c. mapinng and one check that 



R,(s)»R(m(s))»d{ y /(s)(0/i(dt):^€£}»I(P^(A)). 

.A 



)= 



Tbborem 51, Let f : S L' (T, X) he a ayniinatoua m^ptn^ 
and denote hy A (s) = the ran^e of / (s) b (/ (s) , 1 ) ; S’ 

L^[T,X X R). Let (r (s) , ra (s)) be q eonixnuom selection o/7S(s). 
Then for every e > 0 there erists a eonixnuans fttnetson A : S — C 
such thoi for every s € <S' we hove 



'W- I 

Af,} 



< € 




1S« 
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and 

jrc(«}-M(-4(«)]| <e. 

Proof. The Theorem 50 yields, tor every £ > 0, the caastcocc of 
commuous selection 

pW6fjw = *c{7w,o} 

such thftt 

(r(s),fo(£))- j p{s){t}n{dt) <€ 
r 

But p(s) = (/(£)Xa<#)iX»w) fc* * 00 K A{s) Thus A : 3 — C is 
such continuous mappin g that for every s ^ S 

(rU).rt(i))- J (/W(t),l)p(A) <r, 

AW 

as required. G 

3. Monsuiablo soUctions 

We shall now consider a mappiig P : T y (t vhich is 

£92 — measwable. About F we ahall assume that for every u € ^ 
the mapping is iMcgrably bounded by ma, € Thkmg 

the Aumann integral of P (t, u) with respect to t we have a compact 
and convex sot 

/tM = 

T 

and A : H — cc(A!} is a S - meosnrohle multifunction. Moreover 
any - meesvroMe selection p(t, u) € P(t,u) detammes a S - 
measurable selection o (u) = / p(t,u)/i(dt}of^. The described above 

T 

situation can be in a sense reversed. We discus first this phenomenon 
for the range of a measurable &mlly of vector measures. Let m ; fl 
(T, be a measurable mapping provided each m (u) is a vector 
measure with the densi^ / (u) and / : H — • L* (T, i?) is measurable, 
lb ai^ density function / (u) we can a decompcaabJe sci 
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I&7 



Then Pf : Q dd{T,X x is a measutabJe map|»ng and one can 
check that 



R(u)»R(7n(u))»{ j 

• A 

L&UUA 7. ^cmiider measvfabU /emt^ of nonctcmic vector mea- 
9ures m = (m>tno) : fl — M (T,X x iP^ tntA m : Q — ' X (T^A!) 
end wj© : Q — • X (T, /P) . Thon for everp meaounMe t fi — ' R* 
there aista a maaevrabU mofiptn^ A : Q C swJt that 









and 



mu (a/) (A (a/)) » -mo l<jj) (T) . 



Proof. Endow C with the coetric 



dUA.B}^\\XA-XB\\i^M{A£^B) 



and recall that (£>di) is a separable and complete metnc space. Fbr 
each u € n denote by 






A^C-. 



Cfjd m* (or) (.A) = jm* {«/) (T) / 



Obviously each R (u) is nonempty and clcacd. We that R : Q 
(£) is a measurable multifunction. Tb sec this choose for each r > 0 
a compact set fV C H such that m (H\fV) < ftod both m : fV ~ ^ 
and t : fV i?'' arc eontmuous. Therefore has closed graph 
what in turn gives the mcasuraUlily of R. Now the Kuralowski & Ryll- 
Nardsewski makes a deal. G 



E^^uipped with the previous vc can exactly repeat a con- 

struction provided in the Theorem IS obtaining: 

Proposition 63. Utfh~ (m, m*) : Q — • X (T, x iP) be a 
rneashfubU familp of noiutiomic vector meoeurea witAm (u) € X« (T, X) 
and mo (u) : S — Then foreverpe > 0 there txxatsa Caroih^>dory 
type mopping A : 0 x ! — ' £ such that for each H the famaiy 
{A (w, ts an e-s«jmcnt for m{o/) and o se^mcnl for m<i (or) , 

Now we arc prepared to prove some existence results coneerning 
measurable selections of Aumann integrals. The Amplest Atuation is 
for R* — valued caultifunctions. Namely the following holds: 
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is« 



Theorem S2 (Artst^ [6]). LelP : TxCl ^ d (tf) ^eon£(^S• 
tneoMtrabU mvtitftinetxon and oisume that P{-yUj) t« for each u € ^ 
mlegrxtiilf/ bounded by 8u ^ for S - m^evrabie 

»eleet»on 

a{w)^A{u)^ j P{iM- 

r 

exisU on £ ® S - meaenfable aelectwn p(t,w) € P(t,u) such 
for every or € H we have 







Proof. Since A : H — • cc k measur^lc tbcn n*ing tbc 
Theorem 27 wc can represent ^ven measurable selection a (w) € 
A (u) in the form 

I 

«(w) »^Ai(w)e,(w), 

with measurable Xi : — [ 0 , 1 ] and e»(u) € extAiuj) such that 

/ 

s 1. But each (u;) » with measurable 

T 

selections of u). By the Proportion G3 there exists a 

CarathCodory type map|»ng A.^xl C such that for every w € H 
the family o:)}^r is a segment for each (t, u), t s 0 > 1 , 

The latter thatior each q € / and i s 0, 1 i the relatiofis 



(12.4) 



j pi(t,<jj)ti{dt)~Q j 
M^A) ^ 



Pi{t.w)n[dt)~oei(<j) 



bold. Denote 



and let 



^-0 



Bt (w) s A (u/, *, (w )) \A {u, zt.i (w)) , 

By construction (u)}^ is a measurable bmily of parUtioos of T 
such that 




ft (?,<!/) #l(dt) S A( (<i/) ft {(j) 
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aod hcncc 






with tocasiirablc 



( p{t.u)ti{dt} 
^0 i. 



p {t. w) » ^ Xb.{<j) . 



This cods the proof. G 

For -measurable multifooctioci/' : TxQ d (X) 
the valuer IQ the BaoAcb space X the situation is sumlas, hoiKVH^r we 
can regain measutabJe sclcctioDS only umibrinly. We shall explain t:hi« 
in terms of the coapping 

Theorem S3, Ut X — dd{T,X) be a Z- meoinroSte mul- 
iifunetton and osivne thot K (<i;) is for atch u € H in^e$m^iv ^oundaj 
6y (7'} ' ^ 2 - meaourabU seketxon 






Then for every meaourtMe e : Q R* one eon find a Z—meaevrabie 
selection k{<jj) ^ K (<i;) such that for every io ^Clthe tneytuJtfy 



i(o;)- J k(<j)ti{dt) <e{uj) 



holds. 



Proof. Fix measurable e : Q R'* and tor every u € H 
the sets 

|«€A^ (<.;): <e(«;)|. 

Obviously each P (u) is nonempty and closed subset of (T, .If) . V>t 
shall show that /* : Q — d (L* (T, X)) is measurable. By the Castamg 
& Jacol« Theorem 41 we may in Q an incrcaang family of compact 

subsets with in (Q\fhi} 0 such that each K : 0^ ^ 

dd {T,X} has the closed graph, whik o : 0^ — X and e : 0^ ^ 

are continuous. Hcncc each P : fl^ — • d (£‘ (T, X)} has the closed 




160 
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graph. An applicaUon of the Caslaing & Jacobs Thcoreta odco more 
yiehk the cocaaurability of P. Now the Kuralowki L Ryll-Nardscwski 
TheoretD giviss a deaitcd scicctioci. G 



4. Carat h6t>dory Cypa soloctions 



Combming the rcaulu coDccrning coQticuotii and measurable selcc- 
tioDS of Aumaim integrals we can obtun Carath6odory typo selections. 
However argucKDta eonceming continuous sdcclions havo to bo used 
more thoroughly as in tbc proof of tbc Tbeorem S3. The reason is that 
the sets 










are neither convex not decomposable. 



Theorem S4. Let K :CIk3 ^ dd {T,X} he a l.C. rmJtxfvnttxon 
and aasvme tfuU K (<i;> s) is fiyr each s) € H x 5 inie$m^iv ^oundai 
by (T) , Fix a Carathiodiyry type aeUcittyn 







Then for every Cara&i6odory function r : f) x 5 — ' R* one con find a 
Camthiodory seteciton h(u, s) € K (u/»s) sitch for every € 
Q X S’ the tnef uohfv 




k{w,s)p{dt) 



<tf(w,s) 



holds. 



Proof. Wc shall use an 'extension coethod' . By the Theorem 30 
we m^ ftnH in Q an increasing family of compact subsets 
with m (fl\nn) — ^ 0 *«ch that each A : ft, x 5 —— dd {T, X) is 
I.S.C., while a : ftn X S X and e : ft, x 5 — • R* are continuous. 

Starting with the continuous selection a . Qi x. S X o( A : 
CtixS — cc(A) wc choose, by the Theorem 50, a eontmuous selection 
If : fix X 5 ir* 8uch that for (<i/, s) € fti x 3 the inei^uality 

a{io.a)~ j 

r 



lf(c^.s){0>i(dt} 







4 CAAATU£01>0t)y TYPE SELECTIONS 



161 



holds, Dcflce KitQxS — iid{T,X) by the fotmula 







for € Q| 
for Of ^ fii 



aod notice thst each coatinuous sdoction of is a continuous carten- 
aioD of k. By construction the toapping Ki ^ Cl^ x. 3 dd {T.X} 
is Lt.c. and so is tor it's Aumnrtn integral Ai (u, s) ^ d f Ki [u, s) . 

T 

Moreover for all (u, s) € Q x 5 we have 



d{o(u,s),A(w,s)}<^^^^ 

By the Proportion 35 there exists a continuous selection oi : x 5 

X of/, :f^s x 5 — cc(;?)suchthat 



The function & can be therefore continuously extended to a selcetion, 
denoted ay«in by Ic, of it! : O9 x 5 — dd (T, X) in sueh way that for 
aU (u, s) € Ha X 5 we have 



Ol 









Thus for (cj, s) € X S an estimate 



holds, 
fb. X S 




lr(u,s)(<)/i(df) 



, €{u,8) . €{<J,a) 
2*2^ 



I T I 

Having already extended & to a continuous selection of K : 
^ dd (T, X) such that for ^CU. \ S 







< 



^ i{u.») , f((J,S) , , g(t.^.s) 

< 2 22 +">+ 2^ 

we can define K^i^lxS ^ dd {T,X) the fommla 




K{u) 



for 

/or u « fie X 5 ' 




ISS 
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The coappifig dd (T, X) ii l.s.e. acd the same bolds 

fot it's A umann iAt£gr^ 



A (w, s) s J A*, (w, s) , 



Moreover, tor &U s) € H x S’ we have 

(., .) , ^ (., .„< ^ * ... * 

Applying the Proposition 36 once more we get n continuous selection 
Or . : fU»xS— ».Y of ^;fVn xS — cc (;t)«Kh that 

|a(w,s)-o,(u,s)| < 

. e {(A/, i) , , e{<A/.a) , #(w,s) 

< — 2 — V ¥~ 2"-^ ' 

Now the function ft can be continuously extended to a selection, sUll 
denoted by ft, of An : Hni-i x S dd (T, X) having property that for 
aD(u,s}€n«,xS 






2tvt2 ' 



Thus 






- 2 2 * 2 " 2^1 ' 

Continuing tbs dssoibed above procedurs m finally get a Carath6odory 
type gdensioD cf fe on On x S such that for all (u, s) € fWi x S the 
inequality 









2 ? 
is valid, what ends tbe proof. 



2 " 




CHAPTER 13 



Fixed points for mnltivaliied contractions 

Ri^call that P : T — ' b (X) ii called a lipachits multivalueii map- 
p>rig iff (here la ac a > 0 aucb that lor all a € T the following 
condition 

(L3.1) d„{P(t),P{z))<ad{t,z) 

holds. If a € [0> 1) then P is called a contraction. A selection p T 
X oi P which is a Lifschit^ function we call a lipschits selection. If 
selection p la a contraction then we say it la a contractive aclection. 

We say that I € T C A * a fiised pc^ o( P : T — N (X) iS 
t € P{t) . The set of fixed poinU we denote by Ptx (P) , i.e, 

P«(P)»{l:t€P{t)) 

We also say that a subset A c X haa fixed point property iS each 
compact mapping p : A A admits a fixed point. 

Problems of existence of fixed points and their nature have been 
attracted many generations of mathematicians. In the bunch of the re- 
sults concerning thia subject special rob playa the &mous Banach Con- 
traction Pnnaple aaying that ai^ poinrwise contraction p X X 
admits exactly one fixed point which can be achieved as the limit of 
a sequence of consecutive iterations. This fact has plenty of applka- 
tiens in various areas of mathematics, in particular in ordinary and 
partial differential cquatbns. Since our book is motivated ty differen- 
tial inclusions we need a vertion of the Banach Contraction Principle 
in the multivalued case. Such problems for multivalued contractions 
P X N (X) one could try possib^ to attack by the contractive 
selections. However in general it is impossible. In euclidean spaces 
the only Imown results concern the existence of Lipschits selections tor 
Lipschits multivalued mappings P : P! — • eJeo (P*) . But if P is lip- 
schita with constant q then there are Lipschita selections with constant 
and not be ones with smaller constant. In particalur it means 
that multivalued contractions may not have contractive selections. The 
Lipschita selections m^ be applicable for differential inclusions in Fd 
since in the space shall nork exclusively with equiva- 

lent fiiefeobt norms. In iufimtcly iiimf>ngir>nal Banach spaces there arc 
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Lipsctate multivalued mappings P : X — ' doo{X) which admiU no 
Lipsdute selections. The first example of thi« type bdocigs to Yost 
[220}. He has al'a/i shown that a problem of nonodstcncc of lipschits 
sdcctioos IS genetic for finitely Hunoriainnal Banach spaces. Namely, 
we have 

TmCfLlU SS (Vest). Theft aisU a L%p4chiUfnQpptn^from {b{X) , dg) 
te X tf and onlp if X u finiUiy dtmtneionai Banach fpact. 

Problem of the enstcncc of lAt^chits selections has also been ex- 
amined by Prsc^wski&Yost [20lj, Valadier [217], Loj^owlcs [151], 
Bressan [37] , Omdas [189], Cellma&Omclas [49], Dcotscheva [58], 
[59] and many others. Mmn effort was directed towards the convex- 
valued multifunciions and in meet of the papers it were exploited 
Steiner points in various settings or so called metric projections. There 
are al«a~> known special of the Castamg representations for lip- 
schits multivalued mappings P : X — • dco (^). However an ap- 
proach via Lipschits selections does not fit to mappings with decompos- 
able values since this kind of results is simply unknown. An enstcnce 
of fixed points and properties of the set ^ix (P) we obtam by an use of 
continuous sdections. Wc also consider a dependence on a parameter s 
of the sets Pix {P (r)) for multivalued mapixngs P : SxX ^ JV (Jt) . 

In what follows we impfisi* the following properties for P : SxX 
N{X): 

COWDITIOW 1. Pl’.x) M eontxnuolis far every x; 

Condition 2. there ts o cenfimmu a a ^ (0,1) ruch that 
P (r, •) tr a eontraetton tnth the eonetant a (s) , 



1. CoQvax case 

Let P: SxX ^ dcoiX). Denote by P(s) » ^ix{P{a}} the 
set of fixed points of P (s, }, We begm with (he following 

Theorem 56. LetP : SxX — dco{X) beamvitxvoiuedmapptny 
iatiafym^ CondiHcna 1 and 2 . Then, for every a ^ S, ihe act f (r) 
ir on abaobiie retract. Mettover. there exiaU a ccnftnuatis mapping 
r SxX — ' X vhxeh for every a^S estobHahea (he rtimeiion of X 
onU>^(a). 

Proof. Denote by 



^is.x)^d{x.P{s.x)) 




I CONVBX CA2B 



)es 



aod notice that, by tbc Condition 7, the mnpiung ^ is Lip«chit2 in x 
and continuous in s. Ucncc it is u.s.c. in (s, x) . Moreover 



Take 



iff v9(«>2r}»0. 



r » (S X X)\pr^» {{i.x} : x i ^(s)) = {(s.x) : ^{s.x) > 0) 



and notice tbat T is open. 

For every (s,x) € T define 

fi(s,x)sci|r€P(s»x): |2-2| < 

Employing the Proportion S8e) we sec that the multivalued map|»ng 
R T dco (Jf ) is l.s.c. and therefore by tbc Michael Selection 
Theorem it admits a continuous selection p. Extend p S x X 
setting 

p(s,x)»i /or x^f{a). 

By construction for aH (s, x) € 5 x X we have 



(13.2) 






and 

p(s,x) € P(s,x). 

We that p : S X X — ' X is continuous. CUnrly, it is enough 
to check It for (s>£) € and take arbitrary 

(Sn. 3^») ■ Thn by continuity 



lim = hm d(Xft,P{sn,a^)) » d(x,P(s,x)) = 0. 

fk ' *00 

Now from (13.2) we obtam 



p(s,,2e) — 

proving our cl&itu. 

Set 

n{s»x)»p(s,x) 

and inductively 

r,,i{s,x)»p(s,%(s,2)). 
Obviously each r, (s, x) is continuous with 
(L3.3) r^t (a, i) € P (s, r„ (s, x» 



and 

(13.4) 



|r^, (s,x)-r,(s,x)| < 



l’Ka(s) 

2a(s) 



V3(s,r„{s,x», 
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Wc show thAt coQvcrgcs locally imUcnoly to a continuous func- 
tioD r which occurcs to be a required tetraaon. Indeed^ from (L3.3} 
and (13.4) wc see that for all {i,x) ^ S xX 

|r^, (s, *) - r. (s, I) I < (r, {a. x) ,P{s, (^») < 

< (I)). (*)))< 



2 






Therefore 



k•+l (« 






Since the right-hand aide of the abcare inequality is locally bounded 
then r, converges locally uniformly Thcfcibrc the mapping r 0ven 

limrfl(r»2) 

is continuoua on 5 x X. Moreover, for x € ,^(a) have 

r{r,2)*2. 

Passing to the limit in (13.3) wc obtun 

r(a,x) € P(s,r(s,x)), 
what shows that for every 3 

This ends the proof. □ 

CosoLLARY 13 (Rkceri), LetP.X ^ dco(X) be a eontmetion. 
Then P admxU a fioffi pomt Moreover, the set of fixed points 

Pix[P)^{xrx^P{x)) 

is an ohaohite refmet 



2. Decomposable cose 

Problem of existence of fixed points and their properties a1«n 
sense tor multivalued contractions with decomposable values. Roughly 
speaking obtmncd results arc analogous to the convex ease, however 
»g*in cocthods used have to be adopted to the present situation. Let 
JC : 1/{T,X) ^ ddf{T,X) be an o - eonlradion and denote ty 

V («) (t) » ess inf {|u (t) - v (t)| : o € K («)} . 




3. DECOMPOSABLE CASE 



Lemma 8. The mapping \p ; Ip(T,A!) 
iviih cotaUi3\i2(i + 1 . 



1/ (7*, i?) « lAf)seh\ii 



Proof. Fix e > O Aod Ukc any u,v ^ V {T,X} . FVoia the Propo- 
sition 54 tbcfc oxist ui € X! (u) and 2 € C (v) inci^ualitica 

- w (t)| < <fi (i») (t) + e a.e. in T 



|t (t) - 2 (t)| < ifi{v) (0 + € a.e. in T. 
Moreover, there are a € C (u) and 5 € XT (v) such that 
(L3.5) ||a - 2 ||, <d{zX («)) II, + r < a||u - v\\, 4- r 

aod 



(L3.6) 



||5 - w||, < d(w, a: (t))) II, + e < Q||« - v||, + 4, 



Then a.e. in T wc have 

(V) (t) - p («) (0 < |o {<) - 6(t)| - |u{l) - (t)| + 4 < 

<|i;(t)-u(0| + |u(0-M0l-|«(«}-«'{<)l+f< 
<|v{«)-«(t)| + |6{t)-t^(t)| + |a( 0 - 2 {<)|+f. 

^Similar ly 

V»(«) (t) - V? (t) (t) < |v{l) - « (t) I + 16 (t) - (01 + (0 - 2{<)l + f 

aod there tore 

||V> (u) - <f> (u) Up < ||« - v||p + ||iy - 6||, + II a - sjl, + «. 

Employmg (13.5) and (13.6) wc get 

11^ («) - V> (v)ll, < (2a + 1) ||u - v||p + 3#, 

But 4 > 0 IS artatrary, so the latter shows out claim. G 

FVom tww on let /C ; 3xLf{T,X) — dd^ (T, X) be a multivalued 
mapping with the following properties: 

Condition 3. X^( >u} it continuaua/ar every u; 

Condition 4. there ts o continuau a : a — • (0,1) such that 
tC (s, •) is a controctum tnth a omatant a (r) , 

Denote f (r) the act of fixed points of K (s, •} i.s. 

.P(s)»{«:u€A:(4,u)}. 
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Teeorbm 57 (Brc^an-(Miiia-F^yffikciW9ki[S6]), UtK ; Sxl/(T,X) — • 
ddp (T, X) > 1 < p < o:>, ^ a fmJt</un£fton satisfying Condtliofxs S and 
4. Then each^{s) is a retract of 1/{T. X) . Moreover, it can be found 
a conftnuou^ mapping r : S \ l/{TiX) — » Lf (T, X) fiyr every 
s ^ S estabhshes the retraction of 1/{T, X) onto f («} , 

Proof. Denote by 

V (a, «) (e) = eas inf - d («)| : v € A: (a, «)} 

and notice that, by the r arid Condition 3, the mappin g ^ : 

Sxl/[T, X) 1/ (T, R) IS LipschJts in u and continuous in s. Haca 
it is continuous in (a, u) . Moreover 

||v9(Mi}||,»4(u,K(a.«)). 

One can observe that 

ti €.^(a) iff v9(a,u}»0. 

In further steps we nmme our proof of tbc 
Denote by 

W^{Sk I/{T,X)}\sr^ = {(s,«) : « i ^{s)} = 
»{(s,u}:||v9(a,u)||^>0} 

and notice that W is open. 

For every (a, u) € Hi»Rno 

+ a(a)) 

and observe that 
(13.7) W(*,«)ll,< 

Ckmsidct the sets 

it (s, «) » d <2 € a: (s, «) : |s (I) - u {t)\ < it> (a, «) (t) a.e. in T ) . 

Observe that by tbe Proposition 54 each R (a, u) is a nonempty de- 
composable set. Hence the PtoposiUon 58 we can establish tbe 
l.s.c. of the multivalued mapping it : W — ' ddf{T,X). So, tbc 
Bnasan-Colombo-FVyssJcowslu Tboorem, it admits a continuous selec- 
tion/: : W Extend* on Sx 2/ (T,X) by setting 

*(a,«) su for u€^(s). 

By construcUon we have 





*(s,u)€A:(a, «) 




3. DECOMPOSABLE CASE 



aod 

\k{s,u}{i)~u{t)\<i;lt.u) o.e. in T. 

The latUr together with (13.7) shows thAt 

(13^) p {>. ») - »||, < i±^ IIP (., u)||. 

We eUim that 4 : S x IP (T, X) — iP {T,X) is cocticuous. Ckarly, 
it is enough to verify this for (s,u) € $>'(^ ' Foe u € ^(s) take 
artetrary (s^) ~~ (s, u) , Then by continuity 

\\V (s., %)||^ = {u^,K (s,, «.)} » C (s,u» = 0. 

Therefore from (13.2) we obtain 

*(Sf,,Ue) — •l»»fe(a,l»), 

cniuring oui* cl^jn. 

Furthitf wo sh^ ^pply ^ iUratkui technique. Sic< 

r, (s, «) » 4 (s, u) 



and, iJidiciively, 

r„i (s, «) s 4 (s, r» (s, «)) , 
Obviously each r« (s, u) is continuous and 
(13.9) r„.,.i (s, «) € a: (s , % (s, «)) . 



We aitaii show that converges locally unUortoly to a continuous func- 
tion r which IS a rci^uircd retraction. Indeed, from (13.2) and(L3.6) we 
see that for n s 1,2, ... 

(s, «) - (s , u) II, < II V (*> (*« «)) 11^ > 

Therefore 

ll*‘^i (*, «} - % (*, «}l|, < (>*• (^' («< "))) ^ 



< <“)) <*- «))) ^ 
< ||r, {s , «) - r^, {s, u)||^ 

and hence 

||r^i (s,it) - f, (s*u)||, < 







170 13 FIXED ponm FOR MULTfVALUBD CONTFtACTlONS 

Since the tigbl-h&nd side of tbc abcArc inequality ii locally bounded, 
ao I*, converges locals uniformly. Tbua tbc map|»ng 

f («,«)» limf, (a,u) 

is continuous. Moreover, tor u € ^(s) we have 

r{r,u)*u. 

Passing to the limit in (13.9) wo obtain 

r(s,u) €X:(«,r(s,«)), 

what shows that for every s € 5 we have f and 

This ends tbc proof. □ 

Since for given K € ddp[TyX) the constant mulUvalued mapping 
XT (u) s A* is a contraction with tbc set of hxed points ccmciding with 
K then as a conclusion from the previous tbeorem we have 

Tbeorem S8 (Bressan L Colocabo |35j). Any deaompoaoble set 
K € <id^{T,X), p < 00 , ts a retract of U (T, X) . 

CohOLLAFty 14 (Cellina [44], Fryszkowski [7S]), Any dteemposabU 
set K € ddp[T,X)i p < 00 , possess the fixed point ptaperty. 

Proof. Fix if € ddj,(T,X} and take a retraction r : (T, X) — * 

K. Con^dcf a compact mapping ^ : K K and set 5 s deed {K ) . 
Observe that S is compact and tbc toapping ^ c r ; (T, X) S is 

continuous. Employing tbc Sebauder Tbeorem one can easily conclude 
that tbc mapping dor restricted to S admits a fixed pemt s which 
has to be in ^ (X) c K. Hence r (s) s s and therefore s is a fixed 
point of G 




CHAPTER 14 



Operator anH differential inclusions 

Let X and Y be spaces aod let T c be a domaia. 

Consider a cooticuous linear operator 

A:D{A)Qlf{T,X)—LHTy). 

We «Hal> that A admits the right inverse, i.a. there exists a 

continuous linear bounded operator R ; {T, Y) — • X) , such 

that 

ARs /. 

By an operator inclusion we wean a relation 

(14.1) Ait€P(?,u), 

where F :T y X — N (K) is a gdven multivalutd map|»ng. 

A solution of (L4.1) can be understand in many ways. We shall 
point out just two of them: 

dossicol solution • is a function u € D (A) such that 
(Au)(t)6f(f,u(t)) d.e.mr; 

miid (or abaolxitetp continuema solution) - that is a function u = 
Rv such that 

V (f) € F{t, (Rw) (1)) d.e, tn T. 

Ibgcthcf with (14,1) we can also consider so called 'relaxed' operator 

(14. 2) Au € dcoF (t, u) , 

For the operator and incluaons the effort of matho- 

matieians has been concentrated on existence, properUes of solutions 
and connections of solutiona to the problem (142) with (14,1). In 
«hig book we want to give a survey for thi« kinH of problems just tor 
tnilH solutions. We start our considerations with an observation that 
for a function u s Rf a property of bring a solution to (14.1) 
is equivalent to the fact that n is a fixed pewt of the nmltifundion 
K : I^{T,X)^N{L*{T,Y)) defined 

R (V) » {uj € ir {T,X) ; w (<) € F (f, (Rv) (t)) o.e. in T) . 



in 
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Therefore the most consistent cxsminntion of ptopctUcs of (mild) so- 
lutions to (14.1) can be concluded from corresponding bets for tbc set 
^tx{K). 

As 0 model form of operator inclusions the render could have in 
mind so called <Mcrentinl 



(14.3) 






where t € / B [ 0 , l] . In thia case tbc right inverse to the operator 
A s ^ B an operator A s 2 given by 



f 

n(t)=Hi.vH!)=(*Jv[Tidr. 



By a solution (miJd or abspolutdy continuous solution of (14.3) we 
mean a function u b 2 ((>v) determined ty v € (/> X) such that 



v(0€/’(t>u{f))»F{t,I(C,v)(f)) o.e.in/. 

In other words, tbc function u s 2 ((, v) is a mild solution of (L4.3) if 
v is a fixed point of the multivalued mapping K (v) given hy 

K (n) B {t^ € i» {/, X):w{t)^F (f,2 (C. v) (f)) o.e. m /} . 

By tbc solution set (the set of all trajectories) to (14.3) it is usually 
meant a collection 



We should also pc^ out that most of the properties of the solution 
sets arc tbc consequences of proptsUcs of tbc set of fixed points, since 
is a linear transformation of ^tx (if) by 2. 



1. Filippov 



We 'a^all also consider parametrised dificrential inHiwwina 



(14.4) 



xJ € F(t,«,s) 

u(0)bC(^) 



with a multifunction F : I x X xS — d ) . About F we shall 
impose tbc fblkpwing propertMs; 

i. F )i C<sB{X X S) meoiurohfe in (t, 2 , s) ; 
tt, for any (t, x) the mapping F (t, 2 , •) is f.s.e.; 
tit. there exists a continuous mapping 1 ; S — L^(I,R*) such 
that for every 2i. za € X and any s € the inequality 



dt, [F (t, Xi,a),F (f, Xi, s)) < I (a) (t) \xi - zai <»•«. *« I 
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boida; 

tv. Ibr Miy coniinuoua mappmgs (^, 2) ; S — X \ there 

cxiaU ft cooticuoui coappieg 0 s d^f : S L‘ (/, A) such that for 
every 2 € <$ we hftve 

ds (2 (2) (t) , f (t.I« is) , z (2)) (I))) < s {i} it) et c. tn I. 

Denote by A (2) the solution set to (14.4) We arc interested in the 
properties of a mapping %(*)> cspcciaUy whether the seta ft{t) arc 
nonempty and ii »>, do (>) admits the continuous selection property. 
Before ne go to some results for this of problems we have to 
notice due to tt. and the Propotitiou S8 the assumption iv, may 
be replaced an equivalent condition; 

tt^. there exists a continuous mapping St > ^ (i, R) such 

that for every 2 € <S’ we have 

d,/(0,F{t,0,2)) <^a(s)(t) o,e. in/. 

Indeed^ it can be easily concluded from an inequality 
ds{2(2)(0,F{t,I(C{s),2(2))(t)))< 

< |2 (2) {t)\ + (0. F {t,0, s» + 1 (2) it) |X« (2) , 2 (2)) (t)| o.e. in /. 

Tb 0VC a formulation of a continuous version of tbe FiUipov T^m>nti 
we put 

I 

m (>)(() = jimr)iT 

and notice that M ; S R* given by A/ (2) s exp (m (2) (1)) is 
continuous. 

TaeOhEM 50 (Filippov |68j). Auvme t>ud F : f xX x 

S d (/f) aoiigfUz ayruUticna t. - tit and it^, and consider conftn- 
UOU2 mopptn^ z : S — • AC (/, X) and 0 : S (T, A) fuifiiltnp 
for tuery a ^ S tht meftio/ity 

(a! (s) it) ,F{t.z (2) it) ,a)) < 0 (2} (t) o.e. in /. 

Then for every cnnttmious fvnetiena { r 3 X and e ; S A’' 
there exiaia a oantmuoua nuippin^ u : S (/, X) defining for every 

I 

2 € 5 0 tmid aobaion v (2) s 7 (^{2) , u (2)) s ( (2} ^ (2} (r) dr of 

(H i) each that 

a) 

|2'(2 )(t)-l/( 2 )(<)|< 

< 2 (2) + f (2) (t)axp {m (2) (0) + 1 (*) (0 U (2) (0) - C(^}| + 
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r 

+i{i)(t) J 0(s)(T)exp{m{s){t) ~m{a)iT))dr+&{s){t} a.e. tnl; 

atui 

I* (*)(0-t-W(t)-UW(0}-c (*))!< 

< {# [s) + 12 (a) ( 0 ) - C (a}|) exp {m (a) (t)) + 

I 

+ y 4 («} (r) exp {m (a) {«) - m (a) (r) ) <tr. 

a 

Proof. First of all observe that wc may reduce the problem to the 
case 

2 (a) B 0 and ( (a) = 0 . 

Indeed. Decotc by 

(?(<.a:,a)»ir(^x+a(a)(t)-2(s)(0) + CW»^)-2'{a)(t) 

and consider the problem 

r,ie. / x'^G{t.x,s) 

\ r ( 0)«0 

Then the function 



«(s)»^(a)+ 2 (a)- 2 {a)( 0 )+C(«) 

is a desired solutioci of (144) whenever x(s) is a solution of (14.5) 
saUsfying o) and i) with 

3 (a) » yJ (a) + 1 (a) |r (a) ( 0 ) - <{«)! > { 0 , G ((. 0 . a)} . 

Fix f ; S — . set e„ » and put 



e 



(m{a)(t}-m(a) (r))' 

(;rrnr 






.dr* 



(n-lj! 



f^l 






Using the mlegration ^ parts and repealing the Filippov's calculation 
(see the Proposition S9) we obtain 



y/W(r)«,W(rl= 

0 t 



nt 



e.e. mi. 
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Wc 'ghall cooelnict a Caucby scquoccc of succcaavc approximaticuis 
u«(«) € AC{1,X), n = 1 , 2 ,... with tbc foUowiog properties: 

(14.6) u, : 3 AC {I, X) Oft continuous; 

(14.7) {s} it) € Fit, u. is) it) , a) o.e. in I; 

(14.8) |iC. ii) it) - < ii) (f)| < I is) {t}0, is) it) o.e. in /, 

where for simplicity f (a)^o (^) u&dcrstood as ^ (s) ^ ro (^) • Observe 
that from (L4.8) wc then have 

(14.9) is) it) - 11, is) (01 < is) it) o.e. m i. 

Siet tfo (s) B 0 and denote hy 

Fo(0»{«€i*{AX):v(0€F(t,i«i,W(0>«} a.e.»n/|. 
Consider the multifunction t?o defined by 

Gt is ) » cf {v € Fc (a) : |v(«)| < 3 is) (<) + eo (a) o,e. in /} . 

Then the mapping Gtt : S def (X) is f.a.c. and therefore by tbc 
Brcssao-Colombo-Prysskowski Theorem there exists a continuous mapping 
^ ; 5— ,i‘ il,X) sudithat 

St is) (?) 6 F (?, uo (0 (?) . s) o.e . in i 

and 

1 st is) (?)| < 3 is) H) + rt is) = I {s)0t is) « e. m /. 

Define 

t 

^is) (0» j 9ois) (I*)** 

aod Qotice thnt 

t 

|u, (a) (?) - Uo (0 (?)l < J l?e is) (r)| dr < 



I 

< J 0 is) i^)dr + St (a) = Si (a) (?) a s. in I. 

0 

Suppose that we have defined functions tio, ui , , Un satisfying ( 146), 
(L4.7) and (14.8). Then by the lipschitsncss we have 

d(t4(a){?),F(?,u.{a)(?),a)}< 

d(F (a) (0 , a) , F (?,«, (a) (0 , a)) < 
<f(a){?)|ii.{a)(?}-ii..,(a)(0| a.t.inL 
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The lacUt and (149) yiekl 

d « is) {t) , F(t, u, {i} it) .s))<l (a) it) {i} it) e.e. tn /. 
Denote 

n {«) » {v € I* il,X) : « (t) € Fit, u, {i) (?) . *) a.e m /} 
and conaiderseta 

C. (a) » ci {^ € /; (a) : |v(t) - < (a) (t)| < I (a) (<) (a) (t) e.e. in /} . 

By conatiuction the acta (a) arc nonemp^ and decomposable, while 
in virtue of the Proposition 58 the multivalued mapping S 
dd [X) ia Lsj:.. Employing acai>i the Brc^an-Colombo-FVyaskowald 
Theorem we obtain the existence of a coniimioua mapping 

(/,>:} 

such that 

Iji. (a) it) - 14 (a) (<)| < I (a) (?) (a) (?) o.e. in /. 

Define 

r 

«^,WW = ys-WW*- 

0 

and observe that satiadcs (L4.6), (L4.7) and (148). 

From (148) and (14.9) we conclude that 

||a^,{a)-«.(a)||^<^,^.(^}(l}. 

But 

t 

Thcrtfofc 

(14.10) \\u„, (*) - »-(<)||.«, < [|l« (*)ll, +*(>)! , 

since 



m (.) (() - m (>) W = y ; (>) (T) dr < ||l (.)||, = m(s) ( 1 ) . 

t 

Notice that the functions a ^ ^ ^ — • ||l(a)||, arc con- 

tinuous. Thcfcibre (14.10) means that the sequence (Un(a)} satisdes 
the Cauchy condition locally uniformly in some neighbourhood of any 
a € Thus the mapping u (a) = hmtt« (a) is continuous from 5 into 




2 CONTINUOUS SBLBCTIONS OF SOLUTION SETS 



1T7 



AC {/, X) . We flaiM tbat u is a dearth solution. Tb see tbM u is a 
solutioQ of (145) let us observe that, by the lipschitsocas, we have 

{») (t) .F{1. u (i) it ) , s}) < i (s) (0 K {») it) - «(<) (t)l a e. M /. 
We abdl check that u satisfies condilioes a) and 6). 

Adding (148) for all n we obtain 

Kt. W (')- ’‘l W (<)| < AM (O+i; K, W (<)-«; W <f)|+*. w < 






$ 

<«w(i)+iw(i)y’4w(r) 

Similarly, summing up (14.9), we end up with 



(m(s){t)-m(s)(r)} 



^-1 



(»«(i)(0) 



(t-l)l 



+ f(s). 



dr+ 



|ii^. (s) (0 - u. (s) (<)| < £ |u.,i (s) it) - u» is) (01 + #0 (0 < 



>•1 



e 

< Jsmr) 



^ (m(s)(0-m(s)(r)y 



LM 



dr+ 



+f(*) 



4mt 



(m(O(')y 

“51 



+ e(s). 



Passing to the limit in both above incquahlies we obtain a) and h)> 
This ends tbe proof. □ 



2. ConUnuous Mlactlons of solution sets 
Denote by ft (s) tbe solution set to (14.4) 

/ € F(t,«,s) 

I «(0)«C(^) 

and by .^(s) B {»' ; u € %(<)) ' Out vHirtion of the Filippov 
59 can be interpreted in particular in tbe following w^: 

Thbofem 60. Let F : 1 X X X S ^ d{X) be a mato/tmefton 
satufym^ hypot^es i. • i«. Then for each a ^ 3 the jfroblem (H-i) 
admits a soiufion, t.e. the aeUfi (s) and f (s) art nonempty, Ati4her, 
both mnltifuaettona IS ; S — . ACil,X) and f 3 ^ 
admtt a continuous seleefton property. 
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Now wc Hia^iiga sotoc otbcrs properties of the multivalued 
mappin g : S AC{I,X) , while to ^ : S (fiX) is devoted 

oext SCCtiOQ. 



Theopem G1. fix io 6nd o ^ohition uq € H{at) • 7henH{») ad- 
mits a eontxnuotu seUetionr ; S — ' AC [l,X) such that 

r (*o} = u®. 



Proof. Similar^ as in the begumiiig of the proof of the PiUipov 
Lemma we that tio s 0. Hence 

0 €f(t, 0 ,aa) a.e. m 1. 

Let ua iv>miHi»r a multifunction F : I x X x S eJ (X) given by 

F(t,x,a) if s^s^ 

{0} if ss So 



F{i 



,!,«)» I 



Clearly F satisBea hypotheses ii. and ttt.. W: thall observe also that 
tv. holds and toorcovHir we can choose continuous 

S.S^L'ihX) 



in such a way that 

/?(sa)«0. 

From the definition of f we see that 

d(o,F(t, 0 ,s)) »d( 0 ,f(h 0 ,s)). 

Consider a mapping P : S — dd (/, X) given by 

f(s)«cj{v€i‘(/,X):d(o,f(t,0,s)) <v(f) o.e. m /} 
and notice that it is Ls.e.. Moreover 

0€f{sa). 

Sio It adnuU 4 coatmucKis ictetion $ \ S 

5{sa)»0. 

Repeating the same eonstruetion as in the proof of the Filippov Ti^ln>nt^ 
we see that 0 € Cx^ («o) for all n. Proceeding carefully we can alw^s 
pick a continuous selection ^ of Cn in such way thai 

ft. («a) » 0. 



Hence the sequence of suceesve approximations % (a) satisfies for all n 
the condition 



*0 

and the holds for u s lim Un. This completes the proof. G 




S PlUPPOV.WAiEWSKI ftELAXAf ION Til&OR£lM 



ITS 



UiicLg exactly the same (echmea as in the proof of Theorem 61 no 
can deduce 

TaeOhEM G2, Under oistimptxons of iht Theorem 61 the mufti- 
fwetion 

is Ls.c.. Moreover there exists a fomilp {rn} of eontsnssovs 

'’branches’ of aeJuMoru U> (H-i) such thoi 



If u*e denote by^(s)s{i^ : u G ^ (d)} then both mopping : 3 
d {/4C(/, X)) and : 3 — ' d {L*(/,A!)} an? Ls.e. and admtt cor^ 
{iniMms selections. 

At the momcBt we have to mahe a remark that the laat result is 
strougest known one eonceming the existence of coutinuous selections 
in functional spaces. 



S. Filippov* Wakowskl Relaxation Theorem 



The classical Fthppew-Waaewski result states that solution set ftp 
of the Caucl^ problem (L4.3) 






IS in the solution set = ctfi = 1td»F of the so called "relaxed 
(convesdhed) problem" 



(U.U) 



{ 



€ cfa)/'(t>u) 

u(0)»C 






whenever F \ I x fif d (A^) sahshes conditions i. — ttt and tue. 
We arc to present a continuous version of that result. Our 
atc bascd oo couiinuous selections of Aumann integrals 
and the continuous veraon of the I^ppcw Lemma. Consider a family 
of CauclQ' problems (144) 



f «'€F(t.i*,s) 

I ' 

where F : I x X k S — d(X) sahshes conditions t. - iUQ, and 
additionally 

V there exists p € I‘ (/> R) such that tor every (s, x) g S x 
sup{|u| ; u € F(t, 2 ,s)} < p(t) a.e.inl. 
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By tbc rcliicd (convouficd) problem for (144) tt ii uiually meant tbc 
Cauchy probkta 



(14.12) 



/ «' € cIooF (f, «, a) 



Denote by H (e) the solution sot for (14. 12). Tbcti the I^ppcAr- 

Wasevski Theoreta says that ^(s) coincides with e^{1^(s)} , where 
the closure is taken in C{I,X). Uang the notations from previous 
section our continuous voaon of tbc I^ppcw-Wasewski Theorem (soc 
[B], ( 116 ]) is the following. 



Theopem G3 (FVysskowski and Rscsuchowski [81]). Assume Oiat 
F 1 X X \ S d (X) eoitsfiee oonditxons t. — ttt. and v. whsie ( : 
S X ts amitnufus. Then for each eontxnuous aeiettxon r(s) € 
It (s) otui every confintiou e 3 — R* w£h infs (a) s sq > 0 there 

exists a oinHnucus seleetton r (a) € A (a) such thef for every a € 5 we 
have an estimate 



r(*)-r(s)||c<a(a)W(a). 

Proof. Fix a continuous selection r(a) ^ ft (a) and a continuous 
e S ft*. As it is done in tbc most proofr of tbc Filippov- Wasewski 
Theorem wc sball first construct a continuous & : S — ' L^(I,X) 
which for every a € F is pc^nrwisaly a.e. ckec enough to the sets 
F (t. P(s) (t) , a) and next apply the I^ppcw Lemma. Wc be gin with 
partition the interval i into sutontervak /n = [t^, , n s 0 , 1 , ...,j 

in such a w^ that 

(14.13) 

u 

Notice that since f (a) arc solutions of (14.12) therefore tbc functions 
a — r(a)(Wi)-r(a){t.) 
arc continuous selections of 

d j dcoFit,r{s)it),s)<tt^cI J F{t,r{a)(t),s)<t. 

Ik U 

Moreover, 

(14.14) |r(<)(W)---W(t.)l< j. 

Therefore the Theorem SO appUed to tbc is.c. mapping 

X,;5 — dcf(A,X) 




S PlUPPOV.WAiEWSKI ftELAXAf ION THEOREM 



U1 



0 vcn by 

*:.(«) a€ m/e|, 

n s 0 , 1 , yields the cxisteocc cooticuous sclcciioiii 
such that for all s € 5 and any n = we have 



(14.15) 






0 - Jk.{»mdt 

A. 



< 



Hi) 
4i ' 



Let « ; S 



AC {I. X) be such >na ppii»g that 



«(s)( 0 )»C(s} 



aod 



u' {«) (*) = ^ (*) {<) *« A 

Heoce u (s) (ta+i) ~ u(s) (t^) = ^K{i) (0 <ii and thcrctore by (L4.L5) 



we have 



|f{s) - f (s) (f,) - « (S) (r„.) - u (s) (t,)| < 



1 (£) 



Summing up these inequalities we conclude that for every n s 0, 1 j 

|P(s)(t.}-u{s)(t,)|< 



But both f^(s) (') and u/(s}(«) ate intogrably bounded by p. So ^ 
(L4.L3) we get that for every i € 5 and all t € T an estimate 

(14.16) 1^(4) (1) -U(4)(I)| < 2 + < iM 

holds. Since by construction 



ttt(s) (<)€/’ (t>P{s)(t),s) a.6.tnl 



then tt. wc obtain 

(14.17) d(«' (s) (t) ,F{t,u (s) (t) , s)) < o.e. in /. 

Now from the Fthppov Ti>m>nfl applied for ^(s) = anH c(^) 

replaced with it follows that there easts a continuous selection 
r(s) € R(s) such that for aU (s,f)€5x / is 

|r(s)(«)-«(s)(0|< 
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< ^ |«p {m{«) (t)} + y"i {«) (r) »p {m{i) (t) - m{i) (r)) rfr 

This (4)gctbct with (14.16) gives the rci^uircd estunAtc 

|f{s)(t)-r(s)(J)|<#(s)W{s), 

what ends the proof. G 

At the taoment we have to make a remark that the last result is 
strougest known one ^finr.>ming the existence of continuous selections 
in functional spaces. 




4. Retractions of solution sots 



This section is devoted to the rctracUon property of the sets 
^(s)«{«':i»€R(s)) 

descfitwg the derivatives of all possible solutions to the Cauchy prob- 
lem (14.3) 

\ 

We «kall impose slightly stronger iQ^thcaes oti F I x. X x S 
el (A!) than that of the Theorem 63, namely; 

4 IS £®B(X X S) - meosiwaWe in (t,2,s) ; 
ttp for any (t.x) the mapping e F(t, j^,s) is continuous; 
tttp thoc exists an / € (i, such that for every xi,x^ ^ X 

and any s € <$’ the inequality 

dg (f (f , s) , f (f , ®s , s» < 1 (f) \xi - X 2 \ O.e, in I ; 

ttt, there exists p 6 (/i i?) such that for every (s,a:) ^ S x X 

8up{H ; « € ^'(t, 2 r,s)} < p(t) a.e.inl. 

First of all noUcc that ^(s) = FixK (s,u) .where 

(*).«) (<}.«) oe m/}, 



t 




u{f)dr. 



This the examination of the multifunction s 

reliable on the Theorem S7. 



F{s) to be 




4 RETftACnOWS 0? SOLUTION 3BW 



U 9 



Theorem G4. Aaevne tftaf F : I x X x S d {X) aatxafies 
a>nditicn9 ii - ttt, uAtk { : S X ta amlinuctta. TJien each f (i) t» 
a retmci of L' (/>A!} , tt oui be found o eonhnuoua mopping 

r : S X L* (/, X) — • (/, X) iehteh, for every a ^ 3, eatabhahea the 

retractaon of {/, X) onto f («) . 

Proof. Introduce tbc space £‘(i,X>>%) of R«v>>nor int42grablo 
functions u : i — • X with tbo equivalent Bidccki norm 







where ^ is tbc absolutely continuous cocasuro on / defined by 






t 






! 



l{a)iTMdT}. 



We claim that the mapping Xo r S x I‘ 

0vcn by 

ifo(a.u)»(w€i‘{/>X.>4o}:tD(t)€f(a(C(*).ti){t),a) o.e,inI) 

saUsfics all i^potbc^ia of the Tbco^3n S7. 

The Ckmdition 3 is> I9 obvious. 

Tb see that tbc Condition 4 bolds fix s € s > 0, ui>u^ € 
L* {1, Xy and tui € Kt (s. ui) > By the Propoation &4 there is € 
Ka (s, us) such that 






Then o.e. in / we have 



% 1 
j u, (T)dr- j Ua{r)dr 



dt + e< 



and hence 





IM 
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< J «p(-2r(0)i{«) yj |«s(r)-iil(T)MTj 

» - i y (escp (-2r (t)))' (i) ^’*)l ** j * + « • 

by parU we end up with 

1 



I 

y* exp (-2r (t)) |u9 (<) - «i (0! * + e < ^ ||w - uillo + 

0 

Since t is ^bitrarily small then 

da (iy,, Ka {a. us)) < ^ ||uj - Ui||a . 

But tbc role of U| oed ua is syiunettic. Therefore 

Nov the Theorem S7 ^>plicd to the spocc (i, X, givoe tbo 
desired nsult. G 




CHAPTER 15 



Decomposable analysis 

Let T be a compact mctiisable space vith a — field L of Borcl 
measurable sets given by a probabilistic Lebeague measure t.e, ^ (T) = 
1 Let us recall tbat any closed sul«et K c L‘(T, X, = L*{T,x j is 

decomposable iff there is a measurable multifunction P T d (A!) 
such that 

K » {u € I‘(T, X ) ; «{t) € P(t) o.e, in T}. 

As we have already shown the decomposable sets arc widely used and 
they arc in many situations a substitute of convexity. But up-to now 
there is no analogue of convex functions. In this chapter we define 
decomposable mapi^gs and propose a kind of ' decomposable analy^' 
which shall examine such objects. 



1 . Weak closures of decomposable sets 

In a fundatioD of this section lies a generalisation of the works 
due to Oleefa [177] and l^anh Cao Nguyen [166] who considered a 
charactensaUon of weak* closure of deomipcsahlc sets K c L‘(T, R*} 
and Lex. of mtcgral functionals I(u) s / / (t, u (t)) tt{dt) with f :T x 

T 

R* — R » Rli (oo) . Recall that any function it € L‘(r,R*) we can 
identify with a measure 

m » R*) c M{T, c {L^(T. i?))‘ 

0 vcn by 

m(A)= Jumit). 

A 

Forany 2 € and tn € we have a pairing 

(15.1) (m,z)= 

T 
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\S^ithic the ftbcATc identification one can write that 

(«,w) » (m., 2 )» j {i{l),u{t))ti{dt) 

T 

for any 2 € iP) and u 6 LHT. iP). 

Let Z c L^(T, iP) be a linear subepacc wiib it’i own topology 
g9ven hy a norm . not ncccnsarlly equivalent to that of L^[Ty /P). 
About Z we impose the following a^umption 

Condition 5. a) u a Banach spoit 

6) /br eacAm € Al(Tii?) 

8up(Ktn,2)| : \\e\\g < 1}» ||m||, 

Ai an example ofasutapace^’ fuIfiUingtbc Condition £ the reader 
may think about 1“(T, /P), C{T. iP), AC{T, B*) or any C* (I) . Also 
note that vithing the identification of ai^ v € L‘(T, with m, € 
M{T, I^) we then have 

(15.2) 8up{l(^.«)|:||2b<l}»||n||,. 

Observe that the Condition S in particular that 

Moreover, Z is total for (L* (T, rf)) *, i.e, if for some m € (i«(r,/P))“ 
we have (m, 2 ) s 0 for each z ^ Z then m s 0 . In particular Z is total 
for ir*(7*, iP) and for MiT, /P). Therefore m each of spM:es 

L\T, tf) c A^(^, c (i*(r, /P))‘ 

we may consider 2’ -topology introducing ndghbourhoods of me € 
given by 

^'(mo,f, 2 i,..., 2 *)» |m€ (t®*(r,iP))*: |{m-mo,^)| < r, 

The convergence of a net {m*} € (L“(T, /P))* to m in 2 -topology, 
denoted m, that for every 2 € ^ we have (mo, s) 

(m, 2 ). As we already have said the 2-copology can be restricted 
to L\T,fd) c c (L^(T,ff}Y . In panicular for a net 

(ua) c ir*(T|i?) wc write Uo m whenever ma = m^ m. 

In other words ( 2 ,Uo) — • (m, 2 } for every s ^ Z. Notice for 

Z = L^(T, the 2’— topology leads umpJy to the weak convergence, 
while for 2 » C » C{T, to the weak* one. So the C-topology 
in Al(T, iP) coincides with the weak* one. In both casts the limit of 
any 2 -convergent net {uo) c L*(T, fP) is a measure. This situation 
occurs to be, under the Condition 5, general. 
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Proposition G4. Ahwm tftat Z c L^{T, IP) aatufUi the CondxtwnS. 
Then Al(T|iP} u dcaed tn Z—U>polofnj. In partxcular the Hsnil of 
any Z-eonvergenl net {««} C £*(!*, iP) « o rneaenre. Mortover, tn 
one demengwnol eaee, if oUxi^^ nonn^oiive fanctioru and 

Ua then m > 0. 

Proof. lb sc« the first staicmcm lake { nta} c M {T, IP) such that 
TT(a m. Emplc^icg the Bacacb-St^kihaus Boundedness Principle 
and the Condition S one can observe that any ^-convergent net {nta} 
IS bounded. Therefore by the Banach-Alaoglu Theorem it contains a 
subnet ctxivergcnt weakly* in Al (T, ^ ) and (£®®(T, iP)) to a cocasure, 
which therefore has to coincide with m. In the real case the measure 
m > 0, ^ce it is a limit of a nonnegative subnet. G 

Provided abcare discussion allows us to wiaVo a consideration con- 
cerning the closure dgK of a subset K € dec{T, /P) in 2-topology. 
We sh^ use tor every s € 2 a denotation 

» eassup {(?(«) ,«{.)):«€ A) . 

Theorem 65. Let K ^ <UciT,fP). Then the /ormdo 

dgK » f) I m € M(T,i?) : (»n,z) < / 
ttg \ i 

holds. 



(152) 






Proof. Denote by Ao the right-hand side of the formula (15,3). If 
Ua — • tn for anet {ua} c K then for every r € 2 we have (r, ua) 

(m, 2 ) , But {z (t) ,Ua (t)) < iit (t) o.e, m T and bcncc 

jumdt)- 

T 

Tbertfore for every r € 2 

< j 

T 



what justifies that 

dgK c Ao. 

For the opposite inclusion take any m € Ao and lot V (tn, e, zt , .... 2 ^) 
with {2i,...,Zn} C 2 be an arbitrary but fi^xd neighbourhood of tn. It 
is sufficient to show that 



^(^,#,21, ..„2,)riA 966. 
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For purpose sot 

(2»,«)) :«€ A) C 

By tbc Lapimov Theorcta tbc set D is convex. We prove that 
(15.4) I = ({ 2 , » m) , m) ) € d£). 

Indeed, 

di>» f) {i€/r 

But for every a = (oi,,..,OA) € A" the support function can be evalu- 
ated, hy the as foUows 

Cd (o) a sup {(a, ®) : * € i>) a 

a sup 1^0, J (4(t),i»{t))#»(<ft) :u€ A 



a sup ^ Q» 2 , (t) ,«(?)) ; « € A > a 







/ 






Hence for each o € m bav^ 



(o,S) a^Oi{a,,m) a /^a, 2 ,,fn\ < / 
«•! \ ^ 



(t)M(dr)aCD{0), 






which shows (15,4). Having that tt is a simple matta to check that for 
every e > 0 there is « € A with tbc property that for each i a l, n 

|{a;(,u-m)| < e. 

In other words 

u € V(tn,f,2i 4,}nA. 

This completes the proof, G 

In certain ^tuations the formula (LS.3) can be obtuned by a count- 
able intersection. This oceurcs, for example, if Z satisfies the following 

Condition 6, There exUU Zt C L^iT) aatvfyiny the Conditxon 
S such ZftZ C Z. 

FVom the above condition we derive 

Proposition 65. Aaswne that Z together with 2o aaHafy the Con- 
ditxona 5 and 6. Then 
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(1) For jjtven {nta) C A^(T, such JAaf — • mo and evtty 

z^Z the net {i (•) , m^) {2 (•) , m*) ; 

(2) Z-'U^lofty and CZ-tcpology m MiX< eq^valent; 

(3) /bf every Z the set 



M, s ^ m € At(T, /?*) : (m. z) < j 

r 

ieC— dosed. 



Proof. F 02 acy zo € an easy calcuIatioQ 

I H (1) (2 (I) .rn^m) = J U<<) * (<) .«»(■«)) — 

T T 

I <a (t) 2 <t) = J a, (l) (2 (() , mo (*)) , 



shows that (s('} ,mo) (2(>),m<i) . Using tbc Propositioii 64 wc 
conclude that cat {(2('},mo (>)}) iv»»raJna a weakly* convergent 
subnet {(2(},ms)) and this irrtpW that for every c € C 

(o(.)2<.),m5>-S.(2<.)2(.),m.). 

Hence 

(*('), ” 15 ) — (*(') i ’»> o ) 

and therefore we get that 2-topoiogy and topology are equiva- 
lent and Mg is C-ckeed. □ 



CohOLLARy 13, Asetime Ihot Z satisfies the Ckmdttions S and d. 
Let K € dee{T,F^). Then there eitsi denvmerabU sets {sb} c Z and 
c I‘ (T) such that 



(15.5) dgK » 



•*•‘1 i . 



Proof. By tbc Proposition 65 all sets 




are C-closed. Denote by B (j) the elcecd ball in M (T, » C* (T, 

of radius j. Then the C- topology in d (j) is mctnaablc and therefore 
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in 



there exist a dcmimcrable set C ^ such that 

B{j)r\dgK^BU)r\f] f M^dt) 

J 

We may also suppose that C (T) . Putting {z*) » IJ 

aixl {^n) ~ U ^ obtain tequiroi sets such 

Jmt ' 

that (15,5) holds. G 

Theorem 6G. A set K ^ dedT,F^) is Z- closed if cend cmJy t/ 
K = Kp, uihere P ; T — dco has a tepmeniatton 

Pit) » Q {t € ^ : (s, it)) < M) a.e. in T} , 

when {z^}cZofui C i*(T) « 

Proof. UK ^ dec{T, F^) ieZ- ckised then invoking the tbrtaula 
(15.5) we have a tequiroi representation. On the other assume 
that K = Kp has the prescribed form. We «^all show that it is Z^ 
closed. Fbr t:hig purpose take ai^ u. C K and 6x arbi- 

trarily n^ N. Then 

0 < (•)) -S. ^.. (.) - (I. (.) , «„ (•» 

and hence for each n€ N the inequality 

{zr.it) it)) < 

IS fulhllcd a.e. in T. Thus uo € K. G 



2. Decomposable mappings 

Definition 19. A mappm^ t : i/iT,X) — L*iT,R) = L*(T) we 
shall coll deampoeohie tfffiyr on# u, v € A* and .4 € S one baa 

kiXA^^H - Xa)) < Xs^(«) + (1 - Xa)M«). 

As an example of such mappings we gdve the ^^lclnytsla operator 

Ar(„){.)» /(.,„(.)), 

where f .T x. X — A is a givHcn £, 0 A-mcsurablc function satisfying 
with given a € L*(T) and M > 0. 
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m 



Oq the other bAod one cad caaJy chock thot the co^piog icQ from 
£*(/) into imclf given i^(u) s 0 tor u ^ 0 and ko(0) s l m do- 

and tOT U s v s 1 - With 0 < ^(A) < /l(T) WC 

have 

*0 Uau + (1 - Xa)} < Xxfa)(«) + (1 - XA)fe)(v}« 

A purpose to con^dcfatioD of decomposable ma ppingg cotoca from 
modem calculus of variaUon. In toany atuations concermng integral 
functionals 

I(“) = j l{tMt)Mdt) 

T 

the continuity or lower semiconlinuity can be characterised by proper- 
ties of integrand function. This can be done for strong, wcnk> weak"- 
topologies in 1} (7^ > strong weak topologies in (T) . The nec- 
essary and sufficient conditions in all just mentioned situations look 
similarly and our attempt is to uni^ in ease of cert^ Vinda of weak 
topologies all these results. 

Actually Kicmytski operators satis^ condition 

^ (Xa« + (1 - Xa)) » + (1 - XA)m 

and this condition plays role as map|»ngs m convex analy- 

sis. 

Dbpinition 20. A mappmf k ; 1/{T, X) ^ L*(T, R) we afuJl caU 
affine tUeompoaable \ff for any u>v € A and A € S we ^ave 

(15.6) k {x^u + (1 - + (1 - Xa)H^)- 

In this place we have to s^ that in the decomposable analysis a 
situation is dificrent from that of the convex analysis. In the convex 
case there are Lsj:. convEst functions / : X 7? s Au {oo} such 
that for some x,y € X and A € (0, 1) is 

/(A*+(l-A)v)<A/(x) + (l-A)/{p), 

so m the decomposable case, as we will sec below, the asumption 
of i.s.c. m weak topologies forces (L5.6), Also at the moment is not 
obvious whether each <>6ino decomposable mapfxng is a Nicmytski op- 
erator, This is an open question and it seems to rely on the topology 
oni'(T,X). 

Proposition GC, A mapping k : 1/{T, X) ^ L*(T, R) ia deeom- 
poaolfie tffiUL- epigraph 

epi (fc) > ((«, v) € i‘(T, R) X 1/{T, X) : v{i) > k{u)(t) a.e. in T} 
ia deeompoaabU. 
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Pkoof. Take (ui,vi)>(u2,ti3) € K ftod arbitrary A ^ C. Then 
v<(0 ^ ^ bi i s 1, 2 aod therefore 

*Ux«i + (1-XaW< 

< XaH*^) + (1 - < XA'^i + (1 - Xa)«. 

what shows that 



vi) + (1 - XA)(«s>ua) = 

* (Xa«i + (1 - + (1 - Xa)iis) € K. 

Oatbc olha harH for any and A € ^ we have 

Ua“i) + (1 - Xa>«)> + (1 - Xa)^(«*)> * 

= Xa(«.}.M«.)) +{1 - 
what shows that 



*Ua«i + (1 - iA)«s) < Xa*(«i) + (1 - Xa)*(«2) 

□ 



3. Integral ftmctlonals 

The coDsidcfatioDS from two last sections w arc goin g to 
in examination of the lower semicominuity in Z— topology of integral 
functionals havin g form 

IM = Jk[«),.ldt), 

T 

where k : L‘(T, ^*(7*, 7?) is a decomposable mapping. Such 

functional 1 defines the epigraph 

(15.7) ept (1) » F » {(u, r) € L\T, rf) x ft ; r > I («)} , 
while the mapping k is described by £ - epigraph 



(15.8) 

Bpi (k) » ft » {(«, v) € £‘(T, ft* X ft) ; u (t) > fc («) (t) o.e. in T) . 

On £‘(T, i? X ft) we thall consider 2 xt?-topology, where C = C(T) . 
In our ease 

Af(T}»C* (T) 

and therefore tbe weak* -topology on £*(7^ C AiiX) coincides with 
C- topology. 

We <hall the following 

Condition 7. There u at least cme uq ^ £‘(T, ft*) such that k (uo) € 
L\T,R). 
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For decomposable K gives by (L5.8) the formula (15.3) reads as 
follows 

- n I i?* X fl) ; (m. 2 ) + (mo, e}< I 

</^€2.C I f 

aod ic t:hig rcprcsciitatioD we have to some rcductiou coscernmg 
posable values of c. Icvoking the Condition 7 we get that for every 
w ^ R* the poiaU 

(uo, fc(uc} + ui) € K. 

Fix {«, e) ^ Z xC. Hence for every w > 0 relation 



{z, t*o) + (fc(«o) + W, c) < j («)>!(*) 

T 

bolds. Dividing both sides by u; > 0 and next passing to the limit with 
te — 00 we get c ({) < 0 for all t € 7*. Further reductions we obtun 
from an observation that the mapping 

c — = esi sup {( 2 ,ii) + {v. c) : (li, v) € K) 

IS continuous (if is finite) and we may therefore aggtim» that 



(15.9) 

Lot 

Sio we get 



c(f) <0 for alit^T. 
C.»(c€C:c(f) >0 foroUt^T). 
dgxcf^ » 



f) (m, mt) € Al(r, if X /I) ; (m, 2 ) - (mo. c) < f [ 

teSMC. i I 



Employing the same arguments as for the Corollary 15 and the Theo- 
rem €6 we have 



TyEOhEM G7. Let K ^ dec(T,I^) be given bp (JS.8}. Then there 
exist denvmerobU sets { 4 ,} C Z, {e^} € and C (T) such 
that 

oIjkcA s 



» ri I (m, mt) € M(T, Ff xR): (m, *») - (m®, c.) < 
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IM 

Mortover, K ta Z-cloaed t/ and onljf if K ^ Kp, vhare P ; T 
dco (i%*) haa a itpreaentaticn 

P(t) » n {(!,») € i? X A : - yc.(t) < M) o.e. in T} , 

Ml 

Now IK present ft rcsdt CMicerniDg tbc lower SQKOQtimiity in 2 -t4>pology 
of mtcgr&l fuadi Duals 

IM = Jk{u)^(dt). 

T 

where the uuc^^tKlii giva by edecompo^bJe mapping k : L\T^ J?) 

Theorem 68. Aasume tiiat Z aaiaafita Condiixona S and 6. whtle a 
decampoaable moppxng k ; i*(T, /?*) i‘(T,7f)- Cotuitfion 7. Then 

forUu) s Jk{u) ii(£) follcwing aonditxona are efuitioienl.' 

T 

(1) 1 : £‘(T,^) — ftu {+co) ta Lac. in Z’- topology; 

(2) the L-epigntpH Epi[k) = K gtven by (15,8) ta Z x C^doaed; 

(3) tAere are fiincUona Zn € Z. Ca € C* ond ti>n € £‘ (T), n = 

1,2, ..., such that for each u € the relaiion 

k (u) it) = sup it) + c, it) {H it ) . « m 

hoida o.e. m T; 

(4) the efngraph «pi (1) s £ given by (15,7) ta Z x R^eloaed and 
convex. 

Proof, (l) ^ (2) Let {(ua,tta)) c ^ be a net which ta Z x 
C-ODDvorgent to (uo, t«) . Wc need to show that 

(15.10) ue (t) > («o) (0 <i,e. in T. 

But for every a wc have 

a.e, inT 

and hence 

lim sup II Uo - If (tio) 111 » hin sup y (Uo {«) - k (tio)) < 

T 

T 
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m 



This that the net {f^ h (u«)) b bounded in (T) and there- 

fore C— compact. So passing to a subnet, we may ft*^****'^ that (Uo) 
is C-convcfgcnt to a measure m. Thus 

V« - A (l»a) — Vo - m. 

But Va''h(uo) > 0, ft>vo>m > 0. Therefore Ibr the absolute part 
of vn we have 



vo(t) > a-e. inT, 



(I5.ll) 
while tor tbc «l^lgl 1 la^ 

m, < 0 . 

We <^>aim that 

what together with (L5.L1) shows (15.L0), Tb prove our claim recall 
that, by the Tbeorem G7, there are sequences {s,} c Z. c 
and c {T) such that 

<!igxcf^ » 

» ri I (tn, mt) € M(J*, i? X A) : (m, *») - (»»o> <^) < j 
Denote 

P (t) » P) {(I, r) € /?* X : ( 1 , (t)) ~rc^it)< M) a t. tn T} . 

Fix n and observe that for every q the inequalities 

(tl,, it)) - V«CW it) < (Uo> («}) - ^ (U.) {tMt) < 

bold a.e. in T. But, by the Condition 5, {u>, zn (f)) (us, a* (f)} and 
therefore we may that 

(Uo,sw(0) — 

Sio pa^ng to the bnnt we obtain that 

(**o (0 > ^ (0) - (•) — ^ On (0) 

and thus 

(«0« > ^ (0) - (0 c„ 0 < («o (0 . ^ (0) - K Oh (')) < ^.(0 

From the latter inequality we see that for each n 




IM 
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Hcocc 



what that 



C dm, 

VaCn — -T— Oi, 

dti 



Vt~ 



dm, 

dfi 



Moreover for a.e, t € T tbe l&cquahty 

is fulMcd This CYpluns that 

(iio(t},H)(t)) €P (0 o.e,tnr. 

Provided argumctita justify, in view of tbc Theorem 67, aa equality 
K = Kp. But this gives (16,10) aod completes the proof of (2) . 

(2) (3) . Assuming that K is Z x. closed we can invoke tbc 

ThcorecQ 67 to represent K ss K ^ Kp, where 



(0 = n {(*•') € if X fl : {I, (tj) - rc, (1) < ^.(1) o.c in T} 

Ml 

With 

{h}<ZZ, {c^)cC, and 

Since for every « ^ L^{T, /?*) the point (i», k («)) € K then for ai^ 
n^N 

(«(t) , 1 ,( 0 ) - Jr(«) (0c.(0 < M) T. 



we obtain 



4 

Denoting ^ s ^ > 0 and ii>. 

(15.12) k («) (0 > -5.(0 + 2. (0 (« (0 . ^ {«)) « 7'. 

Put 

k{u) (0 » «up (-5.(0 (0 (« (0 . ^ (0)) 

and notice that (16.12) k«ls to 

*(«)(0 > o e. *n 7 '. 

We shall show that 

*(«)(0» fe(u)(0 a t,inT. 

For t:hig purpose it suficles to check that 

(u,fc(u)) 6 A-sATp. 

Assuming to a contrary that 

{u,i(u))tKp 




3 INTECftAL PUWCT10NAL3 



m 



we conclude that tor some n would be 

for t coming from certain set To of positive measure. Hence 

what contradicts with the definition of 1: (u) . Hence we have derived 3. 
(3) ^ (4) . Suppc»2 that 

where 

McC^iT) asui MCLHT). 

We shall show that 

. f) {{H.r) € L\T, ff) X Jr : -r + e, (0 ( 2 , (<) . «(f)} < 0, (t) d.e. m T] 

Ml 

Denote the nghl-hand of the above formula by £q. If (u»r) ^ Eq then 
for each n € iV ne have 

(t) + c. (t) {a. (t) , « ( 0 ) < r a t. m T. 

Thus k (u) (t) < r, what implies that (u, r) € £ s epil. Therefore 

EocE. 

Tb see the opposite induaon notice that from the Proposition 4 we get 

da>ixR [E) = 

S n {(u,r)€fr‘(7'./?‘)xJ?:<r+(c2,«)<C£(c2,0|. 

{jAOea.CKi? 

The latter equality follows from the Proposition 65, since £ -topology 
and C£ -topology are equivalent. Making a *n*n>*> reduction as in 
the proof of the Theorem 67 we may the intersection can 

be taken ewer ( 2 , c,^) ^ Z x x fl.. Therefore, by the positive 
homogemiity of the support function, we get 

[E) » 

s n >*) € ^‘(7'. rf) X ir : -r + {ez, «) < cs (ca, -1)} C 
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cf\{M€L\T,Fi‘)yR:^r+{c,z,,u)<CE{c^,-l)) 



But 

Cf(o>Zn, -1) »«up{-r+ (o,Zn,i») ; («,r) € C) » 

= sup| / (-kM(() + {o.(()*.(').<*W»pW .‘€i‘(r.fl')H 



< J 



Thus 



£^co^«»(£) c 

C n {(*»i 0 € i‘(T. /?) X ft . -r + c.(0 { 2 , (0 Mi)) < #n(f) « T*} 



So 

what gives (4) . 

( 4 )^( 1 ). 

It is sttugbttorward. 



(£) » fi>, 



Rbmakn LS. Actually in the Theorem OS we hove shown that the de- 
compMoftihiv oaaumpthm fork : L*(T,iP) — • i*(T,7?) ttnpixee 
deoompoaobikty. Moreover, each Lsj:. miegrai fvnctionai I u o >vpre~ 
mum of ccmtinuous tniegrai fvncHonaia. 
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